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CHAPTER

TWO

GENERAL FRAMEWORK OF RFH

Mieć te przestrzenie
Na jedno skinienie
Wiele wynagrodzi1

Elektryczne Gitary,
Co ty tutaj robisz?

In this chapter we will extend the construction of Rabinowitz Floer Homology

to include cases of non-compact hypersurfaces. First in Section 2.1 we introduce the

necessary notions in terms of which, later in Section 2.2, we will be able to define a set

of conditions on the Hamiltonians. These conditions will ensure that the homology

is well defined despite the non-compactness. Having specified the setting, we will

formulate precisely how to construct the Rabinowitz Floer homology. In Section

2.3 we introduce the notion of flow lines with cascades and equip the moduli space of

cascades with a manifold structure. Then in Section 2.4 we show that the moduli space

of cascades can be compactified and represented as a manifold with corners. Finally,

in Section 2.5 we present the precise definition of the Rabinowitz Floer homology and

in Section 2.6 we show how it does not depend on the choices made to define it.

2.1 Preliminaries
As mentioned already in the Introduction we construct the Rabinowitz Floer homol-

ogy by equipping the loop space with a metric and analyzing the gradient flow of

the Rabinowitz action functional with respect to that metric. In this section we will

introduce the basic definitions, more specifically in Subsection 2.1.1 we introduce the

1"To have those spaces at one’s fingertips rewards everything" from the song What are you doing
here? by Elektryczne Gitary, translated by J.J. Wiśniewska.
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2.1. PRELIMINARIES

metric on the loop space using the notion of almost complex structures and in Sub-

section 2.1.2 we specify what do we mean by gradient flow of the Rabinowitz action

functional.

2.1.1 Metric on the loop space

Let (M,!) be a symplectic manifold. An almost complex structure compatible with

! is a smooth field of complex structures on the tangent space, i.e. for every x 2 M
the Jx : TxM ! TxM is a linear map, such that J2

x = �Id and the assignment

g :TM ⇥ TM ! R
g(·, ·) := !(·, J ·)

defines a riemannian metric on M . Let J (M,!) be the set of !-compatible, almost

complex structures. Then J (M,!) is contractibe as shown in Proposition 13.1 in

[15].

Let now

J = {Jt(·, ⌘)}(t,⌘)2S1⇥R

be a smooth 2-parameter family in J (M,!), such that outside an open set V ✓
M ⇥ R, Jt is fixed and equal to a chosen !-compatible, almost complex structure

J 2 J (M,!). For compactness reasons we additionally require

sup

(t,⌘)2S1⇥R
kJt(·, ⌘)kCl < +1, 8 l 2 N.

The set of such 2-parameter families of !-compatible almost complex structures we

denote by

J (M,!,V) :=

8

<

:

Jt(·, ⌘) 2 J (M,!), 8 (t, ⌘) 2 S1 ⇥ R
{Jt(·, ⌘)}(t,⌘)2S1⇥R sup(t,⌘)2S1⇥R kJt(·, ⌘)kCl < +1, 8 l 2 N

Jt
�

�

M\V = J, 8 t 2 S1

9

=

;

(2.1)

Note that for every open set V ✓ M ⇥ R the corresponding set J (M,!,V) is also

contractible. Indeed, as shown in Proposition 2.50 in [27] or in Proposition 13.1 in in

[15] for every x 2 M the fibers of J (M,!) over x are contractible, thus fixing J on a

chosen set M ⇥ R \ V does not change the argument.

To simplify, we denote

J (M,!) := J (M,!,M ⇥ R).

Each almost complex structure in J (M,!) induces a metric gJ on C1
(S1,M)⇥R.

For (v, ⌘) 2 C1
(S1,M) ⇥ R and (⇠1,�1), (⇠2,�2) 2 T(v,⌘)C

1
(S1,M) ⇥ R we define

the metric gJ by

gJ (v,⌘)((⇠1,�1), (⇠2,�2)) =

Z 1

0
!(⇠1(t), Jt(v(t), ⌘)⇠2(t))dt+ �1�2, (2.2)
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CHAPTER 2. GENERAL FRAMEWORK OF RFH

Note that we require our family of almost complex structures to be ⌘ dependent.

This dependency of J on the additional parameter, not found in the literature until

recently in [1] and [19] has been introduced to obtain transversality and its role will

be explained later in the proof of Theorem 2. However, it still may be that one

can achieve transversality without introducing the ⌘ dependence if one uses abstract

perturbation theory. Regardless, we will keep the ⌘ dependence to explain how the

transversality can be obtained using Fredholm theory.

Let (M,! = d�) be an exact symplectic manifold and let H : M ! R be a

Hamiltonian, such that 0 is its regular value. To H we can associate the Rabinowitz

action functional AH
as defined in the Introduction:

AH
: C1

(S1,M)⇥ R ! R,

AH
(v, ⌘) =

Z

S1

�(@tv)� ⌘

Z

S1

H(v), (2.3)

where � is a primitive of !. Note that AH
does not depend on the choice of �. Then

the gradient of AH
with respect to metric defined in (2.2) is equal

rJAH
(v,⌘) =

✓

�Jt(v(t), ⌘)(@tv � ⌘XH
(v))

�
R

H(v)

◆

.

Analyzing further the functional we can calculate the corresponding Hessian of AH
,

which at critical points (v, ⌘) 2 Crit(AH
) is a symmetric, bilinear operator on

T(v,⌘)(C
1
(S1,M)⇥ R) defined in the following way

Hess(v,⌘)AH
: (TvC

1
(S1,M)⇥ R)2 ! R,

Hess(v,⌘)AH
((⇠1,�1), (⇠2,�2)) := d(v,⌘)(dAH

(⇠1,�1))(⇠2,�2).

Carrying out the calculations we can see that at critical points (v, ⌘) 2 Crit(AH
)

Hess(v,⌘)AH
((⇠1,�1), (⇠2,�2)) =

Z

!(⇠1, @t⇠2)

� ⌘

Z

HessvH(⇠1, ⇠2)� �1

Z

dH(⇠2)� �2

Z

dH(⇠1).

To HessAH
one can uniquely associate a selfadjoint operator r2AH

in the following

way

r2
(v,⌘)AH

: TvC
1
(S1,R2n

)⇥ R ! TvC
1
(S1,R2n

)⇥ R,
Hess(v,⌘)AH

((⇠1,�1), (⇠2,�2)) = gJ (v,⌘)((⇠2,�2),r2
(v,⌘)AH

(⇠1,�1)).

Then r2
JAH

has the form

r2
(v,⌘)AH

(⇠,�) =

✓

�Jt(v, ⌘)(@t⇠ � �XH � J0⌘ HessvH(⇠))
�
R

dH(⇠)

◆

.
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2.1. PRELIMINARIES

2.1.2 Floer trajectories
Having defined the Rabinowitz action functional in (2.3) and introduced a metric

on the loop space, we can now define a solution to the gradient-like equation of the

Rabinowitz action functional.

Definition 2.1. Consider an exact symplectic manifold (M,! = d�). Take a Hamil-
tonian H : M ! R and a 2-parameter family of almost complex structures J =

{Jt(·, ⌘)}(⌘,t)2R⇥S1 2 J (M,!). A Floer trajectory is a solution
u 2 C1

(R⇥ S1,M ⇥ R), u(s) = (v(s), ⌘(s)) to the equation

@su = rJAH
(u) =

✓

�Jt(v, ⌘)(@tv �XH
(v))

�
R

S1 H(v)dt

◆

For a pair of critical components ⇤�,⇤+ ✓ Crit(AH
) the set of all Floer trajectories

converging in the limits to ⇤� and ⇤+

lim

s!±1
u(s) 2 ⇤±

is called a moduli space of Floer trajectories and denoted M (⇤

�,⇤+
).

The notion of Floer trajectories is basic in defining the boundary operator in the

Rabinowitz Floer homology. However, to prove that the homology does not depend

on the choice of the almost complex structure used in defining Floer trajectories, one

has to introduce a notion of Floer trajectory for a homotopy of Hamiltonians and

almost complex structures. Let {Hs}s2R be a smooth homotopy of Hamiltonians

on a symplectic manifold (M,!) and {Js}s2R be a homotopy of almost complex

structures, such that for all s 2 R, Js 2 J (M,!) and the homotopy is constant

outside the interval [0, 1], namely

(Hs, Js) =

⇢

(H0, J0) s  0

(H1, J1) s � 1

(2.4)

Let us denote � = {(Hs, Js)}s2R the associated homotopy and abbreviate

k@sHsk1 := max

x2M,
s2[0,1]

k@sHs(x)k.

Definition 2.2. Now, let � = {(Hs, Js)}s2R be a homotopy of Hamiltonians and
almost-complex structures as in (2.4). For a pair (⇤0,⇤1) of connected components
⇤i ✓ Crit(AHi

) take the set consisting of Floer trajectories
u 2 C1

(R⇥ S1,M ⇥ R), u(s) = (v(s), ⌘(s)), which satisfy

@su = rJsAHs
(u) =

✓

�Js,t(v, ⌘)(@tv �XHs
(v))

�
R

S1 Hs(v)dt

◆

(2.5)

lim

s!�1
u(s) 2 Crit(AH0

), lim

s!+1
u(s) 2 Crit(AH1

).

The set of all such Floer trajectories is called a moduli space of homotopy � and
denoted by M �

(⇤0,⇤1).
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CHAPTER 2. GENERAL FRAMEWORK OF RFH

2.2 The non-compact setting
In order to be able to extend the definition of Rabinowitz Floer homology to include

examples of non-compact hypersurfaces, we will introduce a set of assumptions on the

class of Hamiltonians. These conditions will ensure that the homology is well defined

despite the non-compactness.

Consider an exact, symplectic manifold (M,!). For a Hamiltonian function H :

M ! R we formulate the following conditions

SG The regular zero level set ⌃ = H�1
(0) admits a compact submanifold N ✓ ⌃

with smooth boundary and a Morse-Smale pair (f, g), such that N is a global,

regular trapping region with respect to the gradient flow �fg .

CT ⌃ = H�1
(0) is of exact contact type

MB The associated Rabinowitz functional AH
is Morse-Bott and all the periodic

orbits are of Morse-Bott type.

PO For any fixed action window all the non-degenerate periodic orbits are contained

in a compact subset of M . In other words, for any n 2 N

{(v, ⌘) 2 Crit(AH
) | 0 < |AH

(v, ⌘)|  n}

is contained in a compact subset of M ⇥ R.

BD There exists an open subset V ✓ M ⇥ R and a 2-parameter family of almost

complex structures

J = {Jt(·, ⌘)}(t,⌘)2S1⇥R 2 J (M,!,V)

such that for every pair a, b 2 R and for every pair of connected components

⇤

�,⇤+ ✓ Crit(AH
)

\

(AH
)

�1
([a, b])

and every J 2 J (M,!,V) the corresponding moduli space

M (⇤

�,⇤+
)

is contained in a compact subset of M ⇥ R and for every u 2 M (⇤

�,⇤+
)

u(R⇥ S1
) \ V 6= ;.

Using the above conditions we will define the notion of a regular quintuple and show

that for every regular quintuple the Rabinowitz Floer homology is well defined.

Definition 2.3. Let (M,!) be an exact symplectic manifold. We call (H, J,N, f, g)
a regular quintuple if

(i) H : M ! R is a Hamiltonian satisfying conditions (SG), (CT), (PO), (MB)
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2.2. THE NON-COMPACT SETTING

(ii) (f, g) is a Morse-Smale pair on Crit(AH
)

(iii) N ✓ H�1
(0) is a compact submanifold with smooth boundary, which is a global,

regular trapping region with respect to the gradient flow �fg assured by assumption
(SG) on the Hamiltonian H

(iv) J 2 J (M,!), such that for every pair of connected components ⇤�,⇤+ of
connected components of Crit(AH

) the corresponding moduli space M (⇤

�,⇤+
)

is a smooth manifold, which image in M ⇥ R is bounded.

Under the conditions presented above we will be able to construct Rabinowitz

Floer homology for non-compact hypersurfaces as a generalization of the algebraic

invariant introduced in [12].

Theorem 1. Let (M,!) be an exact, symplectic manifold and ⌃ ✓ M is a hypersur-
face which can be represented as a zero set of a Hamiltonian H : M ! R satisfying
conditions (SG), (CT), (MB), (PO) and (BD). Then regular quintuples (H, J,N, f, g)
are generic and for each of them the Rabinowitz Floer homology is well defined. In
fact, the homology is independent of the choices of N, f and g and thus will be denoted
as

RFH(H, J,M).

An important property of such defined Rabinowitz Floer homology is that when-

ever there are no periodic orbits on ⌃, then the corresponding Rabinowitz Floer

homology is isomorphic to singular homology of ⌃ = H�1
(0)

RFH(H, J,M)

⇠
=

H(⌃).

This relation follows immediately from the construction of the Rabinowitz Floer ho-

mology and is discussed in further detail at the end of Section 2.5.

We will present here only the outline of the proof of the theorem above, because

the construction of Rabinowitz Floer homology and the proof itself occupies most of

this chapter.

Outline of the proof: First, in Subsection 2.3.1, Definition 2.4, we introduce the

definition of flow lines with cascades - a sequence of Morse and Floer trajectories,

which are used to define the boundary operator for the homology in the Morse-Bott

setting of Rabinowitz action functional. A set of all flow lines with cascades between

two fixed critical points of AH
we call a moduli space.

In Subsection 2.3.2, Theorem 2 states that under the conditions (SG), (CT),

(PO), (MB) and (BD) there exists a dense subset of J (M,!,V), such that for all

pairs of connected components ⇤

�1,⇤+ ✓ Crit(AH
) the corresponding moduli spaces

M J
(⇤

�,⇤+
) have the structure of a finite dimensional, smooth manifolds. In other

words, in Theorem 2 we prove that under conditions (SG), (CT), (MB), (PO) and

(BD) of the Hamiltonian the regular quintuples (H, J,N, f, g) are generic. In the
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CHAPTER 2. GENERAL FRAMEWORK OF RFH

other part of Theorem 2 we show that if we fix a regular quintuple (H, J,N, f, g),
then for every pair of critical points of f the corresponding set of flow lines with

cascades between the two points, has a structure of a precompact, finite dimensional

manifold. Moreover, we introduce a grading on Crit(f) and show that the dimension

of this moduli space can be expressed in terms of their indexes.

In Section 2.4, Theorem 3 that if we fix a regular quintuple (H, J,N, f, g), then for

every pair of critical points of f the corresponding moduli space can be compactified

by moduli spaces of lower dimension i.e. between pairs of critical points with smaller

index difference.

Finally, in Section 2.5, we define the Rabinowitz Floer homology for a regular

quintuple. The chain complex is generated by the Crit(f) and the boundary operator

is defined by counting the flow lines with cascades between critical points of index

difference 1. We show that the boundary operator squares to 0 by using the fact that

moduli spaces have the structure of a manifold with corners as established in Theorem

2 and Theorem 3. At the end of Section 2.5 we show how from the construction it

follows that if there are no periodic orbits on ⌃, then the corresponding Rabinowitz

Floer homology is isomorphic to the singular homology of ⌃ = H�1
(0):

RFH(H, J,M),⇠
=

H(⌃).

In Section 2.6, Proposition 2.13 we show that the Rabinowitz Floer homology is

independent of the choices of N, f and g in the regular quintuple and therefore will

be denoted

RFH(H, J,M),

where (M,!) is the exact, symplectic manifold, H is the Hamiltonian on M and J is

a family of almost complex structures, regular in the sense of Theorem 2.

⇤

Unfortunately, to prove independence of the Rabinowitz Floer homology of the choice

of the almost complex structure and to show that it is invariant under small per-

turbations of the Hamiltonians one needs more assumptions on the system as it is

explained later in Section 2.6.

Let us now analyze the conditions presented above and how they are used in the

construction of Rabinowitz Floer homology.

First condition (SG) refers to the notion of a global, regular trapping region, which

is formulated in Definition 2.30. Property (SG) is introduced to ensure that the Morse

homology of the hypersurface ⌃ = H�1
(0) is well defined and that the Morse flow on

the critical set is compact, which a crucial property in proving the compactness of the

cascades in Subsection 2.4.2. Condition (SG) is discussed in more detail in Section

2.8 where we show that it is in fact a topological condition, which is equivalent to

stating that ⌃ is a manifold with cylindrical ends. However, whenever ⌃ is compact

in condition (SG) we can choose N = ⌃. In that case the construction of Rabinowitz

Floer Homology presented in Section 2.5 coincides with the definition introduced in

[12]. This assures that the definition of Rabinowitz Floer Homology proposed in

Section 2.5 is indeed a generalization of the notion defined in the compact case.
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2.3. MODULI SPACES OF CASCADES

Second condition (CT) refers to the notion of contact type property of the hyper-

surface ⌃ = H�1
(0), which is stated in Definition 2.25. This Property together with

Properties (MB) and (PO) assures the closedness and discreteness of the set of critical

values of the Rabinowitz action functional as it is proven in Corollary 2.26. The fact,

on the other hand, is necessary to ensure compactness in the proof of Theorem 3 and

to formulate the definition of the boundary operator in Section 2.5.

Third condition (MB) refers to the notion of the Morse-Bott property, which is

formulated for the action functional in Definition 2.20 and for the periodic orbits in

Definition 2.21. The Morse-Bott property is used in establishing the manifold struc-

ture on the moduli space of cascades in the proof of Theorem 2, ensures that the

Conley Zehnder index is well defined, that the Floer trajectories converge exponen-

tially near the critical set and that the dimension of the manifold of flow lines with

cascades is given by the index difference of the endpoints. Finally, the Morse-Bott

property is used to prove the boundedness of Floer trajectories in Section 3.6 in the

next chapter.The notions used in condition (MB) are discussed in more detail in

Section 2.7. In particular, we analyze there how those two concepts relate to each

other. Moreover, we present there a way to ensure that the property (MB) is satisfied

generically.

Property (PO) assures that in every action window the number of connected com-

ponents of Crit(AH
) is finite and for every n 2 N the set

Crit(AH
) \ (AH

)

�1
([n, 0) [ (0, n])

is a finite disjoint union of compact manifolds. This assures that the number of critical

points of the Morse function f in every action window is finite and that its Morse

flow is compact up to breaking, which is needed to prove the compactness of the

moduli spaces of cascades in Subsection 2.4.2 and to define the homology in Section

2.5. Property (PO) relates also to property (MB), which is discussed in more detail

in Section 2.7.

The last Property (BD) is used both in Theorem 2 to equip the moduli space of

cascades with a manifold structure and in Section 2.4 to prove the compactness of the

Floer trajectories up do breaking and as a result the compactness of the cascades.

2.3 Moduli spaces of cascades

2.3.1 Flow lines with cascades
Consider an exact, symplectic manifold (M,!) with a Hamiltonian function H : M !
R and let AH

be the associated Rabinowitz action functional. Then for any subset

Y ✓ ⌃ we abbreviate

C (AH , Y ) := {(v, ⌘) 2 Crit(AH
) | |AH

(v, ⌘)| > 0 or (v, ⌘) 2 Y ⇥ {0}} (2.6)

Keeping this notation in mind we will now define the notion of flow lines with cascades

in the adapting to our setting the definition introduced first by U. Frauenfelder in

[21] Appendix A.
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CHAPTER 2. GENERAL FRAMEWORK OF RFH

Definition 2.4. Let (M,!) be an exact, symplectic manifold, with a Hamiltonian
H : M ! R satisfying conditions (SG), (MB) and (BD).

By condition (SG) one can fix a compact submanifold N ✓ ⌃, a Morse function
f : ⌃! R and a metric g on ⌃, such that N is an isolating neighborhood and a global
attractor with respect to the associated negative gradient flow �fg . Denote

Sf
g := Inv(N,�fg ).

Extend (f, g) to a Morse function and a metric on the whole Crit(AH
) and fix a

J = {Jt}t2S1 2 J (M,!). For this setting one can define the notion of flow lines with
cascades in the following way:

For p, q 2 crit(f) a a flow line with zero cascades from p to q is an ordinary
Morse flow line of f on C (AH , Sf

g ) from p to q. We denote the set of flow lines with
zero cascades from p to q, by

M0(p, q).

For p, q 2 crit(f) a flow line from p to q with m cascades is a vector

(U, T ) = ({uk}mk=1, {tk}m�1
k=1 )

which consists of uk 2 C1
(R, C1

(S1,M)⇥R) and tk � 0 which satisfy the following
conditions:

1. uk are non constant solutions of the Rabinowitz-Floer equation, converging in
the limits to points of Crit(AH

)

@suk = rAH
(uk), lim

s!±1
uk(s) 2 Crit(AH

).

2.

lim

s!�1
u1(s) 2 Wu

f (p) ✓ Crit(AH
) and lim

s!1
um(s) 2 W s

f (q) ✓ Crit(AH
).

3. For 1  k  m � 1 there exist Morse flow lines yk 2 C1
(R, Crit(AH

)) of f ,
i.e. solutions of

ẏk = �rf(yk),

such that
lim

s!1
uk(s) = yk(0) and lim

s!�1
uk+1(s) = yk(tk).

We denote the set of flow lines with m cascades from p to q, by

Mm(p, q).
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2.3. MODULI SPACES OF CASCADES

A visualization of a flow line a flow line from p to q with m = 8 cascades is depicted

in Figure 1.5.

The group R acts by timeshift on the Morse trajectories of M0(p, q) and for m � 1

the group Rm
acts on Mm(p, q) by time shift on each cascade, i.e. each {sk}mk=1 2 Rm

acts on (U, T ) = ({uk}mk=1, {tk}m�1
k=1 ) 2 Mm(p, q) in the following way:

{sk}mk=1 ⇤ (U, T ) := ({sk ⇤ uk}mk=1, {tk}m�1
k=1 ) 2 Mm(p, q)

where (sk ⇤ uk)(s) := uk(s+ sk).

We denote the quotient by

Mm(p, q).

We define the set of flow lines with cascades from p to q by

M(p, q) :=
[

m2N0

Mm(p, q).

Observe that in case ⌃ is compact, then Sf
g = ⌃ and the above definition agrees

with the definition presented in [12].

Due to the fact that Sf
g is an invariant set of �fg , the Morse flow between the

critical points of f is in fact restricted to C (AH , Sf
g ). However, for an arbitrary

(U, T ) 2 Mm(p, q) the associated Morse flow lines of f on ⌃ ⇥ {0} maybe not be

restricted to N , but since we chose N to be a global, regular trapping region we can

still obtain compactness of the moduli space M(p, q) even if H�1
(0) is non-compact

as it is explained in Section 2.4.

Moreover, since the action is always increasing on the cascades, we have the fol-

lowing relations

• if AH
(p) > AH

(q), then M(p, q) = ;,

• if AH
(p) = AH

(q), then M(p, q) = M0(p, q),

• if AH
(p) < AH

(q), then M0(p, q) = ;.

2.3.2 Manifold structure
Let us introduce grading on Crit(f). Let µ� be the signature index with respect to

f , namely half of the difference between the dimension of the unstable and the stable

manifolds of �fg

µ�(x) :=
1

2

(dim(W s
(x))� dim(Wu

(x)) (2.7)

and µCZ be the Conley-Zehnder index with respect to AH
, which is constant on every

component of Crit(AH
). Then we define for x 2 Crit(f)

µ(x) := µ�(x) + µCZ(x).
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CHAPTER 2. GENERAL FRAMEWORK OF RFH

Theorem 2. Whenever a system satisfies conditions (SG), (CT), (PO), (MB) and
(BD), then for a Morse-Smale pair (f, g) 2 G(⌃, N), a generic choice of J 2 J (M,!,V)
and every pair x�, x+ 2 Crit(f) the associated space M(x�, x+

) is a smooth, finite
dimensional manifold without boundary. Its dimension is given by

dim(M(x�, x+
)) = µ(x+

)� µ(x�
)� 1.

Proof. The above theorem is proven by combining the results already existing in the

literature and adjusting them to our framework. We will not reproduce here the all

proofs, but only sketch the general outline of the proof and refer to the original papers

for the details.

First we will fix a pair of connected components ⇤

+,⇤� ✓ Crit(AH
) and prove

that for a generic choice of J = {Jt}S1 2 J (M,!,V) the associated moduli space

M (⇤

�,⇤+
) :=

⇢

@su = rJAH
(u(s)),

u 2 C1
(R, C1

(S1,M)⇥ R)
lims!±1 u(s) 2 ⇤±

�

(2.8)

is a smooth manifold.

Afterwards, one uses the above result to prove that the space of flow lines with m
cascades Mm(x�, x+

) for every pair x�, x+ 2 Crit(f) is also a smooth manifold.

To prove that M (⇤

�,⇤+
) is a smooth finite dimensional manifolds one uses the

infinite dimensional version of implicit function theorem. It says that for a Fredholm

operator of index k between two separable Banach manifolds the preimage of a regular

point is a k-dimensional manifold (see Theorem A.3.3 in [28]). Then one uses the

infinite dimensional version of Sard’s theorem due to Smale (see Theorem A.5.1 in

[28]) to show that the set of regular values of the Fredholm operator is of second

category.

However, to apply the above strategy, we first have to represent the moduli space

as the zero set of a Fredholm section of a Banach bundle over a Banach manifold.

The first problem we encounter is to show that M (⇤

�,⇤+
) is a subset of a Banach

manifold.

For this purpose we introduce the weighted Sobolev spaces. For an unbounded

domain ⌦ and constants � > 0, p � 1 we define

Lp
�(⌦) := {⇣ 2 Lp

loc(⌦) | ⇣(x)e�|x| 2 Lp
(⌦)},

W 1,p
� (⌦) := {⇣ 2 W 1,p

loc (⌦) | ⇣(x)e�|x| 2 W 1,p
(⌦)}.

For the two connected components ⇤

�,⇤+ ✓ Crit(AH
) and ↵, � > 0 one can define

B�(⇤
�,⇤+

) :=

8

<

:

9 (x�, x+
) 2 ⇤� ⇥ ⇤+

u : R⇥ S1 ! M ⇥ R dist(u(t, s), x±
(t))  ↵e⌥�s

k@su(s, t)k  ↵e��|s|

9

=

;

In particular, this means that for every p > 1 and every u 2 B�(⇤
�,⇤+

) there exists
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s0 > 0 and local coordinates in which

u(s, t)� x�
(t) 2 W 1,p

� ((�1,�s0]⇥ S1,M ⇥ R),
u(s, t)� x+

(t) 2 W 1,p
� ([s0,1)⇥ S1,M ⇥ R),

@su(s, t) 2 Lp
�(R⇥ S1,M ⇥ R).

This implies that B�(⇤
�,⇤+

) has the structure of a Banach manifold with

TuB�(⇤
�,⇤+

) = Tx�
⇤

� � Tx+
⇤

+ �W 1,p
� (R⇥ S1, u⇤

(TM ⇥ R)).
Now one can show the exponential convergence of Floer trajectories, using the Morse-

Bott property of AH
and the assumption (BD) which assures that for any pair of

connected components ⇤

�,⇤+ ✓ Crit(AH
) in a a fixed action window all Floer tra-

jectories in the corresponding moduli spaces M (⇤

�,⇤+
) are contained in a bounded

set of M ⇥ R, which depends only on the choice of the action window. In particular,

if we denote by

ev� :M (⇤

�,⇤+
) ! ⇤

�, ev�(u) := lim

s!�1
u(s, t), (2.9)

ev+ :M (⇤

�,⇤+
) ! ⇤

+, ev+(u) := lim

s!+1
u(s, t). (2.10)

the evaluation maps, then

ev�(M (⇤

�,⇤+
)) and ev+(M (⇤

�,⇤+
))

are always precompact sets even if ⇤

�
or ⇤

+
is not. In fact one can show more,

namely that for the pair ⇤

�,⇤+
and any J 2 J (M,!,V) there exist � > 0 small

enough and ↵ > 0 big enough, such that

M (⇤

�,⇤+
) = {u 2 B�(⇤

�,⇤+
) | @su = rJAH

(u)}. (2.11)

For the proof of the above equality we refer to [19], Theorem 25. The proof of

this result relies on the assumption that AH
is Morse-Bott and the fact that the

associated moduli spaces M (⇤

�,⇤+
) are contained in a compact set of M ⇥R, hence

it’s applicable in our setting thanks to the assumptions (MB) and (BD).

Note that in principle we did not specify smoothness of u 2 B�(⇤
�,⇤+

), but

whenever u satisfies the elliptic equation @su = rJAH
(u) with J of class Cl

then u is

of class Cl
due to elliptic regularity. In particular if we take J 2 J (M,!,V) then u

is in C1
(R⇥ S1,M ⇥R). Unfortunately, J (M,!,V) does not have a structure of a

Banach manifold, due to the smoothness condition. Therefore, for l 2 N we introduce

spaces J l
(M,!,V), which have the same definition as J (M,!,V), with the only

difference that we require J to be only of class Cl
. Observe, that J l

(M,!,V) is a

Banach manifold with the tangent space TJJ l
(M,!,V) consisting of Y 2 Cl

(S1 ⇥
R, End(TM)) satisfying

!(Y w, z) + !(w, Y z) = 0, 8 w, z 2 TM,

Jt(x, ⌘)Yt(x, ⌘) + Yt(x, ⌘)Jt(x, ⌘) = 0, 8 (t, ⌘, x) 2 S1 ⇥ R⇥M,

Yt(x, ⌘) = 0, 8 (x, ⌘) /2 V,
sup

⌘2R
kYt(·, ⌘)kCl < 1.

33



CHAPTER 2. GENERAL FRAMEWORK OF RFH

The rest of the proof is almost word-to-word as in [1] Chapter 4, but we recall

it here for completeness and to point out the place where we change it to fit the

non-compact framework.

Define a Banach bundle E� ! B�(⇤
�,⇤+

) by requiring that the fiber over u 2
B�(⇤

�,⇤+
) to be

�

E�

�

u
:= Lp

�(R⇥ S1, u⇤
(TM ⇥ R)).

For a fixed J 2 J l
(M,!,V) we define the section SJ

corresponding to the Rabinowitz-

Floer equations

SJ : B�(⇤
�,⇤+

) ! E�,

SJ(v, ⌘) :=

✓

@sv + Jt(v, ⌘)(@tv � ⌘XH(v))
@s⌘ +

R

S1 H(v)dt

◆

Note that by (2.11)

(SJ)
�1

(0) = M (⇤

�,⇤+
).

Unfortunately, for an arbitrary J 2 J l
(M,!,V), SJ may not be necessary a submer-

sion, therefore we extend it to

S : B�(⇤
�,⇤+

)⇥ J l
(M,!,V) ! E�,

S(u, J) := SJ(u).

Observe that S is a Fredholm map between Banach manifolds and therefore by the

infinite dimensional implicit function theorem (see Theorem A.3.3 in [28]) S�1
(0)

is a smooth manifold of class Cl
provided the linearisation D(u,J)S is surjective for

every (u, J) 2 S�1
(0). In fact we will prove the surjectivity for restriction of the

linearisation namely

D(u,J)S : W 1,p
� (R⇥ S1, u⇤

(TM ⇥ R))⇥ TJJ l
(M,!,V) ! E�.

In this way, our result will be independent of the tangent spaces T⇤�, T⇤+
.

Since D(u,J)S is Fredholm its image is closed, so to show surjectivity it is enough

to prove that the image is also dense. In other words any element of the dual space

�

E�

�⇤
u
=

⇣

Lp
�(R⇥ S1, u⇤

(TM ⇥ R))
⌘⇤

= Lq
��(R⇥ S1, u⇤

(TM ⇥ R)),

vanishing on the image of D(u,J)S is in fact 0. More precisely, if (w, ⇢) 2 Lq
��(R ⇥

S1, u⇤
(TM⇥R)) is such that for all (⇠,�, Y ) 2 W 1,p

� (R⇥S1, u⇤
(TM⇥R))⇥TJJ l

(M,!,V)
Z

R⇥S1

hD(u,J)S(⇠,�, Y ), (w, ⇢)iJdsdt = 0, (2.12)

then (w, ⇢) is in fact 0. The proof of this statement is carried out in two steps.

In the first step we take the formal adjoint operator

Lu : Lq
��(R⇥ S1, u⇤

(TM ⇥ R)) ! W�1,q
�� (R⇥ S1, u⇤

(TM ⇥ R))
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defined uniquely by the equality

Z

R⇥S1

hLu(w, ⇢), (⇠,�)iJdsdt =
Z

R⇥S1

hD(u,J)(⇠,�, 0), (w, ⇢)iJdsdt.

The formal adjoint operator Lu is again a first order elliptic operator with coefficients

of class Cl
.

Moreover, observe that whenever (w, ⇢) 2 Lq
��(R ⇥ S1, u⇤

(TM ⇥ R)) satisfies

(2.12), then it is a weak solution to the equation

Lu(w, ⇢) = 0.

In the second step, for a fixed (v, ⌘) 2 B�(⇤
�,⇤+

) we define the set of regular

points

R(v, ⌘) :=

8

<

:

@s(v, ⌘)(s, t) 6= 0, @s⌘(s) 6= 0,
(s, t) 2 R⇥ S1 v(s, t) 6= x±

(t),
v(s, t) 6= v(s0, t) 8 s0 2 R \ {s}.

9

=

;

In [1] Theorem 4.10, the authors prove that R(v, ⌘) is open and dense in the set

{(s, t) 2 R ⇥ S1 | @sv(s, t) 6= 0}. For (v, ⌘) 2 B�(⇤
�,⇤+

) and V as in the definition

of J (M,!,V), let us define

⌦(v, ⌘) := {(s, t) 2 R(v, ⌘) | v(s, t) /2 Crit(H), v(s, t) 2 V}

By assumption u�1
(V) 6= ; and therefore

⌦(u) = u�1
(V \ (M \ Crit(H))) \R(u)

is an open set. By definition V contains all the non-degenerate periodic orbits and

N . In other words for u = (v, ⌘) 2 B�(⇤
�,⇤+

)

lim

s!±
v(s) 2 V \ ⌃ & ⌃ \ Crit(H) = ;

and hence ⌦(u) is also non-empty.

Note that the definition of ⌦ varies slightly from the one presented in [1], namely

we included V in the definition of ⌦. This way we assure that we can vary Y � u on

⌦ for Y 2 TJJ l
(M,!,V), which is necessary to prove that every (w, ⇢) 2 Lq

��(R ⇥
S1, u⇤

(TM ⇥ R)) satisfying (2.12) vanishes on ⌦(u). The proof of this statement is

presented in [1] section 4.2 and making the ⌦(u) dependent on V assures that this

argumentation holds true also in our setting.

Summarizing: since every (w, ⇢) 2 Lq
��(R⇥S1, u⇤

(TM⇥R)) satisfying (2.12) is in a

kernel of a first order elliptic operator Lu and (w, ⇢) vanishes on a non-empty, open set

⌦(u), we conclude using the unique continuation property that (w, ⇢) = 0 everywhere,

thus proving that D(u,J)S is surjective for all (u, J) 2 S�1
(0) and S�1

(0) is a smooth

manifold of class Cl
. Note that all the connected components ⇤

�,⇤+ ✓ Crit(AH
)

are open sets, therefore S�1
(0) is in fact a smooth manifold without boundary.
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Denote the set of regular almost complex structures by

J l
reg(⇤

�,⇤+
) :=

n

J 2 J l
(M,!,V)

�

�

�

(B�(⇤
�,⇤+

)⇥{J})\S�1
(0) is a Cl

manifold

o

.

Since S�1
(0) is a manifold of class Cl

, the set of regular values of the projection

⇡ : S�1
(0) ! J l

(M,!,V)

is in fact equal to J l
reg(⇤

�,⇤+
). By the Sard’s theorem (see Theorem A.5.1 in [28])

J l
reg(⇤

�,⇤+
) is residual in J l

(M,!,V) with respect to the Cl
-topology. On the

other hand

J l
reg(⇤

�,⇤+
) =

n

J 2 J l
(M,!,V)

�

�

�

duSJ is surjective 8 u 2 S�1
J (0)

o

In fact if we recall the proof above, for J 2 J l
reg(⇤

�,⇤+
)

duSJ : W 1,p
� (R⇥ S1, u⇤TM) ! E�

the restriction of duSJ is surjective. Therefore, for J 2 J l
reg(⇤

�,⇤+
) the following

evaluation maps

ev� :S�1
J (0) ! ⇤

�, ev�(u) := lim

s!�1
u(s, t),

ev+ :S�1
J (0) ! ⇤

+, ev+(u) := lim

s!+1
u(s, t).

will be submersions as it is proven in [19] pg. 56. In particular, for any pair of

submanifolds without boundary ⇤

±
sub ✓ ⇤±

, the corresponding moduli space

M (⇤

�
sub,⇤

+
sub) := (ev� ⇥ ev+)�1

(⇤

�
sub ⇥ ⇤+

sub) (2.13)

is a manifold of class Cl
without boundary.

By Corollary 2.26 under the assumptions (MB), (CT) and (PO) we can infer that

the set of connected components of Crit(AH
) is countable. Therefore, if we intersect

over the set of all connected components of Crit(AH
) we obtain that

J l
reg(M,!,V) :=

\

⇤�,⇤+✓Crit(AH)

J l
reg(⇤

�,⇤+
)

is a countable intersection of residual sets and thus a residual set in J l
(M,!,V).

Finally, one can get a result in the smooth category, by using the Taubes trick to

show that the intersection over all l 2 N

Jreg(M,!,V) :=
\

l2N
J l

reg(M,!,V)

is in fact residual in J (M,!,V). For J 2 Jreg(M,!,V) and any two submanifolds

⇤

�
sub,⇤

+
sub ✓ Crit(AH

) the corresponding moduli space

M (⇤

�
sub,⇤

+
sub) = (ev� ⇥ ev+)�1

(⇤

� ⇥ ⇤+
) ✓ S�1

J (0)
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is a smooth manifold. The Conley-Zehnder index is invariant under homotopies,

hence it is constant on the connected components of Crit(AH
). Let ⇤

�,⇤+
be a

pair of connected components of Crit(AH
). Then, by Proposition 4.1 in [12] we can

express the dimension of this M (⇤

�,⇤+
) in terms of the Conley-Zehnder indexes of

the endpoint orbits and the dimensions of ⇤

�
and ⇤

+
, as follows

dim(M (⇤

�,⇤+
)) = µCZ(⇤

+
)� µCZ(⇤

�
) +

1

2

(dim(⇤

�
) + dim(⇤

+
)). (2.14)

Let us now continue to the second part of the theorem, namely that for a Morse-

Smale pair (f, g) 2 G(⌃, N), a fixed pair x�, x+ 2 Crit(f) and m 2 N the associated

space of flowlines with cascades

Mm(x�, x+
)

is a smooth manifold for a J 2 Jreg(M,!,V).
In case m = 0, there are no cascades and the corresponding space M0(x

�, x+
)

consists of Morse flowlines of f . Since N is an isolating neighborhood for �fg , it follows

that

8 y 2 M0(x
�, x+

), y(R) ✓ C (AH , Sf
g ).

Moreover, by our choice of the Morse-Smale pair (f, g) 2 G(⌃, N), f is coercive on

Crit(AH
), so the assertions of Morse theory are satisfied. In particular, M0(x

�, x+
)

is a smooth manifold of dimension

dim(M0(x
�, x+

)) = dim(W s
(x+

))� dim(W s
(x�

))

= µ�(x
+
)� µ�(x

�
)

= µ(x+
)� µ(x�

).

The last equality follows from the fact that M0(x
�, x+

) 6= ; only if x�, x+
belong to

the same connected component of Crit(AH
), which implies that they have the same

Conley-Zehnder index.

Now let us analyze the case when m � 1.

Recall that for m � 1, Mm(x�, x+
) 6= ; only if x�, x+

belong to different con-

nected components of Crit(AH
). Then

(U, T ) = ({uk}mk=1, {tk}m�1
k=1 ) 2 Mm(x�, x+

)

if and only if there exists a sequence {⇤k}m�1
k=1 of connected components of Crit(AH

)

⇤

k ✓ Crit(AH
), k = 1, . . .m� 1,

AH
(x�

) < AH
(⇤

1
) < · · · < AH

(⇤

m�1
) < AH

(x+
), (2.15)

such that

(U, T ) 2 M (Wu
(x�

),⇤1
)⇥ · · ·⇥ M (⇤

m�1,W s
(x+

))⇥ (R+
)

m�1,

�fg (tk, ev
+
(uk)) = ev�(uk+1), k = 1, . . .m� 1.
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In other words, if we define a map

� : M (Wu
(x�

),⇤1
)⇥ · · ·⇥ M (⇤

m�1,W s
(x+

))⇥ [0,+1)

m�1 ! (⇤

1
)

2 ⇥ · · ·⇥ (⇤

m�1
)

2

�(U, T ) := (�fg (t1, ev
+
(u1)), ev

�
(u2), . . . ,�

f
g (tm�1, ev

+
(um�1)), ev

�
(um))

then

�

�1
(Diag(⇤1

)⇥ · · ·⇥Diag(⇤m�1
)) ✓ Mm(x�, x+

),

where Diag(⇤k
) := {(x, x) | x 2 ⇤k} for k = 1, . . . ,m� 1. Moreover,

8 t 2 R+ �fg (t, ·) : Crit(AH
) ! Crit(AH

)

is a diffeomorphism, which together with the fact that ev� and ev+ are submersions

assure that �

�1
(Diag(⇤1

)⇥ · · ·⇥Diag(⇤m�1
)) is a manifold (see [19] section 2.4 for

details).

Let us now calculate the dimension of this manifold. If we denote by ⇤

x�
and

⇤

x+

the connected components of Crit(AH
) corresponding to x�

and x+
respectively,

then using (2.13) and (2.14) we have

dim(M (Wu
(x�

),⇤1
)) = dim(M (⇤

x�
,⇤1

))� dim(W s
(x�

))

= µCZ(⇤
1
)� µCZ(x

�
)� µ�(x

�
) +

1

2

dim(⇤

1
)

dim(M (⇤

m�1,W s
(x+

)) = dim(M (⇤

m�1,⇤x+

))� dim(Wu
(x+

))

= µCZ(x
+
)� µCZ(⇤

m�1
) + µ�(x

+
) +

1

2

dim(⇤

m�1
)

dim(M (Wu
(x�

),⇤1
)⇥ · · ·⇥ M (⇤

m�1,W s
(x+

))) =

= µCZ(⇤
1
)� µCZ(x

�
) +

1

2

dim(⇤

1
)� µ�(x

�
)

+

m�2
X

k=1

⇣

µCZ(⇤
k+1

)� µCZ(⇤
k
) +

1

2

(dim(⇤

k+1
) + dim(⇤

k
))

⌘

+ µCZ(x
+
)� µCZ(⇤

m�1
) +

1

2

dim(⇤

m�1
) + µ�(x

+
)

= µ(x+
)� µ(x�

) +

m�1
X

k=1

dim(⇤

k
)

Therefore, one can calculate the dimension of the preimage manifold as

dim(�

�1
(Diag(⇤1

)⇥ · · ·⇥Diag(⇤m�1
))) =

= dim(M (Wu
(x�

),⇤1
)⇥ · · ·⇥ M (⇤

m�1,W s
(x+

))⇥ (R+)
m�1

)�
m�1
X

k=1

dim(⇤

k
)

= µ(x+
)� µ(x�

) +m� 1
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Note that the dimension does not depend on the sequence of the connected compo-

nents {⇤k}m�1
k=1 . If we sum over all the sequences satisfying (2.15) we obtain the whole

moduli space to be a manifold of the dimension

Mm(x�, x+
) =

[

{⇤k}m�1
k=1

dim(�

�1
(Diag(⇤1

)⇥ · · ·⇥Diag(⇤m�1
)))

dim(Mm(x�, x+
)) = µ(x+

)� µ(x�
) +m� 1.

The group R acts by timeshift on the Morse trajectories of M0(x
�, x+

) and for m � 1

the group Rm
acts on Mm(x�, x+

) by time shift on each cascade, i.e.

uk(s) 7! uk(s+ sk).

For each m 2 N we denote the quotient by

Mm(x�, x+
).

of the dimension

dim(Mm(x�, x+
)) = µ(x+

)� µ(x�
)� 1

regardless of m. However, this manifold does contain pieces of its boundary namely

Mm(x�, x+
)

\

@Mm(x�, x+
) = {(U, T ) 2 Mm(x�, x+

) | 9 tk = 0}.

To assure that M(x�, x+
) is a manifold without boundary we will have to construct an

open chart around those cascades ({uk}mk=1, {tk}m�1
k=1 ) for which there exists tk = 0.

We will do that using the gluing theorem (see. Proposition 1b in [20], proof of

Corollary C.15 in [21] or Theorem 9.2.3 in [6]). For every subset I ✓ {1, . . . ,m �
1}, #I 2 [1,m� 1] denote by

MI
m(x�, x+

) := {(U, T ) 2 Mm(x�, x+
) | tk = 0 () k 2 I}.

Then

[

I✓{1,...,m�1}

MI
m(x�, x+

) = Mm(x�, x+
)

\

@Mm(x�, x+
),

dimMI
m(x�, x+

) = Mm(x�, x+
)� (#I).

By gluing theorem for every I there exists a local diffeomorphism

# : MI
m(x�, x+

)⇥ (0,+1)

#I ! Int(Mm�(#I)(x
�, x+

)), (2.16)

such that for all (U, T ) 2 MI
m(x�, x+

) we have that

#((U, T ), �)
C1

loc���*
�!0

(U, T )
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converges weakly in the C1
loc topology. Using such gluing maps, we can construct

charts around MI
m(x�, x+

) and equip the set

M(x�, x+
) =

[

m2N
Mm(x�, x+

)

with a manifold structure. This way it becomes a manifold without boundary of

dimension

dim(M(x�, x+
)) = µ(x+

)� µ(x�
)� 1. (2.17)

2.4 Compactness

2.4.1 Compactness of Floer trajectories

Let (M,! = d�) be an exact symplectic manifold. Let � = {(Hs, Js)}s2R be a

smooth homotopy of Hamiltonians and almost complex structures on (M,!). For

such a homotopy � we can define the following operator

@� : W k,p
loc (R⇥ S1,M)⇥W k,p

loc (R,R) ! Lp
(R⇥ S1, u⇤

(TM ⇥ R))

@�(v, ⌘) :=

✓

@sv + Js
t (v, ⌘)(@tv � ⌘XHs

(v))
@s⌘ +

R

S1 Hs(v)dt.

◆

The statement of the following Proposition is a simplified version of Proposition

3b from [20]. The simplification comes from the fact that we assume our symplectic

manifold to be exact, therefore bubbling and "cusps" can be excluded. The conver-

gence as stated in the Proposition below will be referred to as Gromov convergence.

Proposition 2.5. Let (M,!) be an exact symplectic manifold and let �n be a sequence
of homotopies as in (2.4) converging in C1-topology to a homotopy �. Let U ✓
W k,p

(S1,M)⇥ R be a compact subset, such that its image in M ⇥ R is bounded and

sup

n,s
sup

x2U
|AHn

s
(x)| < +1.

Then any sequence {un}n2N, such that

un :R ! W k,p
(S1,M)⇥ R

un(s) 2 U 8 s 2 R
Z

k@sunk2ds < +1

lim

n!+1
k@�n(un)kWk,p(R⇥S1) = 0,
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2.4. COMPACTNESS

has a subsequence converging in C1
loc to u : R ! W k,p

(S1,M)⇥ R, such that

@�(u) = 0,
Z

k@suk2ds < +1,

u(s) 2 U 8 s 2 R.

The following proof is the adjustment of the proof of Proposition 6.6.2 in [6] to

the Rabinowitz Floer setting.

Proof. The main part of the proof is to show that the sequence {un}n2N is uniformly

bounded in gradient, namely there exists A > 0, such that

8 n 2 N, 8 (s, t) 2 R⇥ S1, krun(s, t)k  A.

The argument is by contradiction - if the gradient was not uniformly bounded then

one could construct a sequence, which would converge to a J-holomorphic curve with

a "bubble". On the other hand "bubbling" is excluded by the fact that our symplectic

manifold is exact.

@�n
is an elliptic operator of first order, hence by proposition B.4.9 in [28], for

each pair of intervals I 0 ⇢ I ⇢ R we have there exists a constant c > 0, such that for

all n 2 N

kunkWk+1,p(I0⇥S1)  c(k@�n
(un)kWk,p(I⇥S1) + kunkWk,p(I⇥S1))

Now observe that due to the boundedness of U and the fact that both �n converges

in C1
topology to � and

lim

n!+1
k@�n

(un)kWk,p(R⇥S1) = 0

there exists c̃ > 0, which gives the following uniform estimate

kunkWk+1,p(I0⇥S1)  c̃(1 + kunkWk,p(I⇥S1))).

Therefore, once we establish the uniform bound on kunkW 1,2(I⇥S1), we obtain that

by induction we have a uniform bound on the sequence in W k,p
for all k 2 N

sup

n2N
kunkWk,p(I0⇥S1) < +1.

By elliptic regularity un admits a subsequence which is convergent in the C1
loc-topology

to a C1
solution of

@�(u) = 0.

On the other hand, by (2.18), i.e. the fact that

sup

n
k@sunkL2(R⇥S1 < +1
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we can apply Fatou lemma to conclude that the limit has also finite energy. Finally,

since U is closed, u(s) 2 U for all s 2 R.

Let us now prove a uniform bound on the k@sunkL2(R⇥S1
. Observe that

d

ds
AHn

s
(un(s)) =

Z 1

0
!(rJn

s
AHn

s
(un(s)), J

n
s @sun(s))dt+ ⌘n(s)

Z 1

0
Hn

s (un(s))dt

=

Z 1

0
!(@sun(s)� @�n

(un(s)), J
n
s @sun(s))dt+ ⌘n(s)

Z 1

0
Hn

s (un(s))dt,

therefore

k@sunk2L2(R⇥S1) � k@�n(un)kL2(R⇥S1)k@sunkL2(R⇥S1)  sup

U
|⌘| sup

n,U
k@sHn

s k

+ lim

s!+1
AHn

s
(un(s))� lim

s!�1
AHn

s
(un(s))

 2 sup

n,s
sup

x2U
|AHn

s
(x)|+ sup

U
|⌘| sup

n,U
k@sHn

s k (2.18)

which in the view that

lim

n!+1
k@�n

(un)kWk,p(R⇥S1) = 0,

guarantees a uniform bound on k@sunkL2(R⇥S1
in n.

Now let us prove the uniform bound on the gradient. Let us argue by contradiction:

suppose there exists a sequence (sn, tn), such that

lim

n!1
krun(sn, tn)k = +1.

By Lemma 6.6.3 in [6], we can construct a sequence of positive numbers {"n}n2N,

such that

lim

n!1
"n = 0,

lim

n!1
"nkrun(sn, tn)k = +1,

8 n 2 N 2krun(sn, tn)k � krun(s, t)k 8 (s, t) 2 B((sn, tn), "n).

Denote Rn = krun(sn, tn)k, then "nRn ! +1. Let us now construct a new sequence

of curves

wn(s, t) := un

⇣ s

Rn
+ sn,

t

Rn
+ tn

⌘

,

then

rwn(s, t) =
1

Rn
run(

s

Rn
+ sn,

t

Rn
+ tn),

rwn(0, 0) =
1

Rn
run(sn, tn).
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Note that this implies

krwn(0, 0)k = 1,

krwn(s, t)k  2 8 (s, t) 2 B((0, 0), "nRn)

Moreover, we have

@Jn,H
n

Rn

(wn)(s, t) =
1

Rn
@�n(un)

⇣ s

Rn
+ sn,

t

Rn
+ tn

⌘

.

In particular, for all n 2 N

@Jn,H
n

Rn

(wn) =
1

Rn
@�n(un).

Therefore,

lim

n!+1
k@Jn,H

n

Rn

(wn)kWk,p(R⇥S1) = 0.

On the other hand wn(s) 2 U for all s 2 R, n 2 N, the image of U is bounded in

M ⇥ R and �n ! �, therefore for wn = (vn, ⌘n)

sup

n2N
sup

R⇥S1

|⌘n| kJn
s k kXHn

s
(vn)k < +1

sup

n2N
sup

R
|⌘n|

�

�

�

Z

Hn
s (vn)dt

�

�

�

< +1.

Therefore, by elliptic regularity we know that there exists a subsequence of {wnk
}k2N

converging in the C1
loc-topology to a solution of the Rabinowitz-Floer equation w

satisfying

krw(0, 0)k = 1,

krw(s, t)k  2 8 (s, t) 2 R⇥ S1

@Js,0(w) = 0.

In particular, it means that w is in fact a Js-holomorphic curve with ⌘ = 0. Now we

will show that the integral of rw is bounded. Denote

Bn := B(0, "nRn), eBn := B((sn, tn), "n),
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and observe that

Z

Bn

krwnk2 =

Z

eBn

krunk2dtds

=

Z

eBn

(k@sunk2 + k@tunk2)dtds


Z

eBn

⇣

k@sunk2 + (k@tun � ⌘nX
Hn

(un)k+ |⌘n|kXHn

(un)k)2
⌘

dtds


Z

eBn

⇣

k@sunk2 + 2k@tun � ⌘nX
Hn

(un)k2 + 2k⌘nXHn

(un)k2
⌘

dtds


Z

eBn

⇣

k@sunk2 + 2k⌘nXHn

(un)k2 +
2

kJn
s k2

(k@sunk+ k@�n
(un)k)2

⌘

dtds


Z

eBn

⇣

k@sunk2 + 2k⌘nXHn

(un)k2 +
4

kJn
s k2

(k@sunk2 + k@�n
(un)k2)

⌘

dtds

=

Z

eBn

⇣

(1 +

4

kJn
s k2

)k@sunk2 +
4

kJn
s k2

k@�n
(un)k2 + 2|⌘n|kXHn

(un)k2
⌘

dtds

 sup

U ,N
(1 +

4

kJn
s k2

)k@sunk2L2(R⇥S1) + sup

U ,N

4

kJn
s k2

k@�n
(un)k2L2(R⇥S1)

+ 2 sup

U ,N
|⌘|kXHn

s k2
Z

eBn

1dtds.

The assumption that

lim

n!+1
k@�n

(un)k2L2(R⇥S1) = 0

assures that the second expression tends to 0, whereas the fact that "n ! 0 guarantees

that the last integral converges to 0. Knowing that by (2.18) k@sunkL2(R⇥S1) is

uniformly bounded we obtain that

sup

n

Z

Bn

krwnk2 < +1

which by Fatou’s lemma implies that

Z

R⇥S1

krwk2 < +1.

Once we have proven that w is Js-holomorphic curve with ⌘ = 0 and bounded energy,

we can apply directly Lemma 6.6.5 from [6] to conclude that the image of w in M is

a sphere. But since we are in an exact symplectic manifold (M,!) the existence of
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non-constant J-holomorphic spheres is excluded in the following way

0 =

Z

w(R⇥S1)
!

=

Z

R⇥S1

w⇤!

=

Z

R⇥S1

!(@sw, @tw)dsdt

=

Z

R⇥S1

!(@sw, Js@sw)dsdt

=

Z

R⇥S1

k@swk2gsdsdt.

This brings us to a contradiction and proves that indeed there exists A > 0, such that

8 n 2 N, 8 (s, t) 2 R⇥ S1, krun(s, t)k  A.

Lemma 2.6. Let � be a homotopy of Hamiltonians and almost complex structures
satisfying (2.4) and let U ✓ W k,p

(S1,M)⇥R be a compact subset, such that its image
in M ⇥ R is bounded,

sup

s2R
sup

x2U
|AHs

(x)| < +1

and all the periodic orbits in the set
⇣

Crit(AH0
) \ (AH0

)

�1
(0)) [ Crit(AH1

) \ (AH1
)

�1
(0))

⌘

\ U

are non-degenerate. Then for every u : R ! U , such that

@�(u) = 0

Z

R
k@suk2ds < +1

there exist (x, y) 2 Crit(AH0
)⇥ Crit(AH1

), such that

lim

s!�1
u(s, ·) = x, lim

s!+1
u(s, ·) = y

and
lim

s!±1
@su(s, t) = 0

uniformly in t.

The above statement is an adjustment of Theorem 6.5.6 in [6] to the setting of

trajectories contained in U and its proof can be applied directly. The only difference

is that we use compactness of U , rather than compactness of the symplectic manifold.

The fact that our manifold is exact even simplifies the proof a little in Step 3.
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2.4.2 Floer-Gromov compactness
In this subsection we will prove that the moduli space of cascades how can be com-

pactified. In other words we will show how to interpret the moduli space of cascades

M(p, g) as a manifold with corners

@M(p, q) =
[

x1,...xl2Crit(f),
µ(p)<µ(x1)<···<µ(xl)<µ(q)

M(p, x1)⇥ · · ·⇥M(xl, q).

To define it more precisely we have to recall the definition of a broken flaw line with

cascades and the notion of Floer-Gromov compactness for flow lines with cascades as

it is presented in [21] section C.2.

Definition 2.7. Let p, q 2 Crit(f). A broken flow line with cascades from p to
q is a sequence {wl}Ll=1 of flow lines with cascades wl from xl�1 to xl 2 Crit(f) for
l = 0, . . . L, where x0 = p and xL = q.

To simplify the notation we state the notion of weak convergence in the following

form:

Definition 2.8. Let X be a smooth manifold and let {vn}n2N be a sequence of lines
vn 2 C1

(R, X). We say that {vn}n2N converges weakly in the C1
loc topology to a

sequence {wl}Ll=1, such that

wl 2 C1
(R, X) l = 1, . . . L

lim

s!+1
wl(s) = lim

s!�1
wl+1(s) l = 1, . . . L� 1.

if for every l = 1, . . . L there exists a sequence sequence of real numbers {snl }n2N, such
that

vn
( ·+ snl )

C1
loc����!

n!1
wl.

We will denote it by
vn C1

loc����*
n!1

{wl}Ll=1.

Now we can state the notion of convergence in the space of cascades:

Definition 2.9. Let p, q 2 Crit(f) and m 2 N0. We say that a sequence {un}n2N
in Mm(p, q) Floer-Gromov converges to a broken flow line with cascades {wl}Ll=1
from p = x0 to q = xL

wl 2 Mml
(xl�1, xl), xl 2 Crit(f),

if one of the following holds true

(a) If AH
(p) = AH

(q), then m = 0, un 2 M0(p, q) are gradient flow lines of f and

vn C1
loc����*

n!1
{wl}Ll=1.
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(b) If AH
(p) < AH

(q), then m � 1 and un is of the form

un
= ({un

k}mk=1, {tnk}m�1
k=1 ) 2 Mm(p, q) 8 n 2 N.

For the convergence we require the following conditions to hold

(i) If wl is a flow line with 0 cascades then there exist a sequence ynl 2
C1

(R, Crit(AH
)) of gradient flow lines of f converging weakly in C1

loc to
wl, a sequence of real numbers {snl }n2N and a natural number k 2 [1,M ],
such that

either lim

s!�1
un
k (s) = ynl (s

n
l ) or lim

s!+1
un
k (s) = ynl (s

n
l ).

(ii) There exists a surjective map �

� : D ! [1,m]

D := {(l, j) 2 [1, L]⇥ N | ml � 1 & j 2 [1,ml]},

such that

l � l0 =) �(l, j) � �(l0, j0),

j � j0 =) �(l, j) � �(l, j0).

(iii) If wl has at least one cascade, i.e. ml � 1 and wl is of the form

wl = ({wl
j}ml

j=1, {⌧ lj}ml�1
j=1 ) 2 Mmj (xl�1, xl),

then {l}⇥ [1,ml] ✓ D and

8 j 2 ⇥[1,ml] un
�(l,j)

C1
loc����*

n!1
wl

j ,

8 j 2 ⇥[1,ml � 1] ⌧ lj =

⇢

limn!1 tn�(l,j) �(l, j) + 1 = �(l, j + 1),

0 otherwise.

Notation in the definition above:

L - # of flow lines with cascades in the broken flow line with cascades

l - index of a particular flow line with cascades wl in the broken flow line with

cascades, 1  l  L

ml - # of Floer trajectories in the lth flow line with cascades wl

j - index of a particular Floer trajectory in a flow line with cascades, 1  j  ml

D - the set of indexes corresponding to all the Floer trajectories in the broken flow

line with cascades
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q

p

⇤

0

⇤

1

⇤

2

un
1

un
2

yn0

yn1

yn2

x1

x2

x3

x4

x5

w1

w2

w3

w4

w5

w6

Figure 2.1: Sequence un 2 M2(p, q), un
= (un

1 , u
n
2 , t

n
1 ) converging weakly to a broken

flow line with cascades {wl}6l=1.

� - function associating the index of a Floer trajectory in the broken flow line

with cascades to the index of the converging Floer trajectories in the sequence

of flow lines with cascades

Remark 2.10. Observe that

lim

n!1
tnk = +1 =) lim

n!1
lim

s!�1
un
k+1(s) 2 Crit(f),

therefore
�(l, j) + 1 = �(l, j + 1) =) lim

n!1
tnk < +1.
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Theorem 3. Let (H, J,N, f, g) be a regular quintuple. Fix p, q 2 Crit(f) and let
{un}n2N be a sequence of flow lines with cascades in the moduli space M(p, q). Then
there exists a subsequence {unj}j2N and a broken flow line with cascades {wj}lj=1,
such that {unj}j2N Floer-Gromov converges to {wj}lj=1.

Proof. Denote

a := AH
(p) and b := AH

(q).

By assumption the system satisfies Properties (CT), (MB) and (PO), hence by Corol-

lary 2.26 we can infer that the number of connected components ⇤ ✓ Crit(AH
) \

(AH
)

�1
([a, b]) is finite. Therefore, even though in the theorem {un}n2N might have

elements with different number of cascades, however, in view of the above, without

loss of generality (possibly choosing a subsequence) we can assume that all the flow

lines have the same number of cascades

un 2 Mm(p, q) 8 n 2 N,

for some m 2 N0, which fits into the definition of Floer-Gromov convergence.

The idea of the proof is in fact almost exactly the same as in the case ⌃ = H�1
(0)

is compact. To be more precise, the compactness of the Floer trajectories is proven

the same way and follows from condition (BD), the difference lies in the compactness

of the Morse flow on the Crit(AH
), which is non-compact. We deal with the non-

compactness of ⌃ using both conditions (SG) and (BD).

We can distinguish two cases:

1. 0 /2 [a, b].
Then all the connected components in between p and q

⇤ ✓ Crit(AH
) \ (AH

)

�1
([a, b])

are compact. Therefore, the set of Morse gradient flow lines of f

{y 2 C1
(R, Crit(AH

) \ (AH
)

�1
([a, b])) | ẏ = rgf(y)}

is compact up to broken trajectories.

2. 0 2 [a, b].
By Lemma 2.11, the corresponding set K(a, b) is compact and

8 t 2 [0,+1) �fg (t,K(a, b)) ✓ K(a, b).

We need to show that the set

K (a, b) := {y 2C1
([0,+1),K(a, b)) | ẏ = rgf(y)}

[ {y 2 C1
(R, Sf

g ) | ẏ = rgf(y)}

is compact up to breaking. We will do that in a similar way as in [35] Lemma

2.38. Observe that because K(a, b) is compact any sequence yn 2 K (a, b) is an
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equicontinuous family

dist(yn(s), yn(t)) 
p

|s� t|

s

Z t

s

kẏnk2

=

p

|s� t|
p

|f � yn(s)� f � yn(t)|


p

|s� t|
r

max

K(a,b)
f � min

K(a,b)
f

Additionally, for any fixed t 2 [0,+1) the corresponding sequence {un(t)}n2N
has a converging subsequence. This leads to compactness of K (a, b) in the C1

loc

topology.

Having assured compactness both of the Morse trajectories and of the Floer tra-

jectories we can now directly apply the method from [21], Appendix C.2 to show the

compactness of the cascades, which proves the claim.

⇤

2

M (⇤

0,⌃)

M (⇤

2,⌃)

⌃ = H�1
(0)⇥ {0}

N

K(a, b)

⇤

0

⇤

1

⇤

�1

M (⇤

1,⌃)

M (⇤

�1,⌃)

Figure 2.2: Set K(a, b) is obtained by evaluating the endpoints of moduli spaces with

action between a and b onto hypersurface ⌃ = H�1
(0) ⇥ {0} and adding its image

under forward flow of �fg and the isolating neighborhood N .

Lemma 2.11. Let (H, J,N, f, g) be regular quintuple. Denote by ⌃ = H�1
(0)⇥ {0}

and let ev� and ev+ be the evaluation maps defined in (2.9) and (2.10) respectively.

50



2.4. COMPACTNESS

Then for every pair a, b 2 CritV al(AH
), 0 2 [a, b] the corresponding set

˜K(a, b) :=
⇣

[

⇤✓Crit(AH),
AH(⇤)2[a,0)

ev+(M (⇤,⌃))
⌘

[

⇣

[

⇤✓Crit(AH),
AH(⇤)2(0,b]

ev�(M (⌃,⇤))
⌘

is a compact subset of ⌃. In fact if we consider the set

K(a, b) := N [
[

t�0

�fg (t,
˜K(a, b)) (2.19)

then it is also a compact subset of ⌃.

Proof. Let {xn}n2N be a sequence in

˜K(a, b). By Property (PO) the number of

connected components of

Crit(AH
) \ (AH

)

�1
([a, b])

is finite, hence without loss of generality we can assume that there exist connected

components

⇤, e⇤ ✓ Crit(AH
) \ (AH

)

�1
([a, 0))

and a sequence {un}n2N corresponding to {xn}n2N, such that

un 2 M (⇤,⌃)

xn = ev+(un)

un
C1

loc����*
n!1

u 2 M (

e

⇤,⌃).

Moreover, if we denote by ev+ the evaluation map defined as in (2.10), the by as-

sumption (BD)

ev+(M (⇤,⌃)) and ev+(M (

e

⇤,⌃))

are pre-compact subsets of ⌃. Therefore, by Theorem 25 in [19] there exist ↵, �, ↵̃, ˜� >

0 corresponding to ⇤, e⇤ respectively, such that relation (2.11) holds true. It assures

that for every " > 0 we can choose s0 2 R big enough, such that

dist(un(s0, t), ev
+
(un))  ↵e��s0 <

"

3

8 n 2 N

dist(u(s0, t), ev
+
(u))  ↵̃e��̃s0 <

"

3

.

Now, since un
C1

loc����*
n!1

u, therefore there exists N 2 N, such that for all n � N

dist(un(s0, t), u(s0, t)) <
"

3

Combining the above inequalities, we obtain that for every " > 0 there exists N 2 N,

such that for all n � N
dist(ev+(u), ev+(un)) < ".
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This assures that {xn}n2N has a converging subsequence and the limit is in fact in

˜K(a, b), which proves the first claim.

Now let us prove the second claim. N is a regular global trapping region for the

gradient flow of f, �fg , hence the function

H�1
(0) 3 x 7! inf{t 2 R | �fg (t, x) 2 N} < +1

is well defined and continuous. In particular, its supremum over the compact set

˜K(a, b) is finite

R := sup

x2K̃(a,b)

inf{t 2 R | �fg (t, x) 2 N} < +1.

By continuity of �fg the set �fg ([0, R]⇥ ˜K(a, b)) is compact, and therefore

K(a, b) = N [
[

t�0

�fg (t, ˜K(a, b)) = �fg ([0, R]⇥ ˜K(a, b)) [N

is compact as a sum of two compact sets.

2.5 Definition of RFH
Now we are ready to define the Rabinowitz Floer homology. The following definition

is almost word to word as in [12], but is also well defined in the case when ⌃ is

non compact and satisfies condition (SG). Analogously, as in the compact case, to

define the Rabinowitz Floer homology we will fix a regular quintuple (H, J,N, f, g)
(see Definition 2.3) and later, in the next section, we will prove that the definition is

in fact independent of the choice of the regular quintuple.

For a fixed quintuple (H, J,N, f, g) the chain complex is defined as the Z2 vector

space generated by the critical points of f , which is grades by the index µ. More

precisely CFk(AH , f) are formal sums of the form

p =

X

x2Crit(f),
µ(x)=k

pxx,

where the coefficients px 2 Z2 satisfy the Novikov finiteness condition

#{x 2 Crit(f) | µ(x) = k, px 6= 0, AH
(x) � a} < 1 8a 2 R. (2.20)

(H, J,N, f, g) is a regular quintuple, hence by Theorem 2 for any pair of points x, y 2
Crit(f), such that µ(x) � µ(y) = 1 the corresponding moduli space M(y, x) is a

discrete set of points. On the other hand, by Theorem 3. M(y, x) is compact, hence

a finite set. For such y and x, abbreviate

n(y, x) := #M(y, x)mod 2 2 Z2 (2.21)
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and define the Floer boundary operator

@ : CF⇤+1(AH , f) ! CF⇤(AH , f)

as the linear extension of

@x :=

X

y2Crit(f),
µ(x)�µ(y)=1

n(y, x)y.

For the boundary operator to be well defined one has to assure that the finiteness

condition (2.20) for all x 2 Crit(f) and a 2 R

#{y 2 Crit(f) | µ(x)� µ(y) = 1, n(y, x) 6= 0 & AH
(y) � a} < +1,

but since n(y, x) 6= 0 implies AH
(x) � AH

(y), it is enough to have

#{y 2 Crit(f) | b � AH
(y) � a} < +1, 8a, b 2 R,

which holds true, since the number of connected components of Crit(AH
) in every

action window is finite and by the restrictions on ⌃ and our choice of f the number

of critical points of f on every connected component of Crit(AH
) is finite.

Proposition 2.12. Under the assertion of Theorem 2, 3 and the Gluing theorem,

@2 = 0.

The argument is standard in the Floer theory and is as follows.

Proof. By Theorem 2. for all pairs x, z 2 Crit(f), such that µ(x) � µ(z) = 2,

the corresponding moduli space M(x, z) is an open 1-dim manifold. Moreover, by

Theorem 3. M(x, z) is also precompact. There are exactly 3 possibilities for a

connected component of an open and precompact 1-dimensional manifold - empty set,

S1
and an interval. In the first two cases the boundary is zero, in the third one the

interval can be compactified by its endpoints, which counted in Z2 give zero again.

By the compactness Theorem 3 every point in @M(x, z) corresponds to a broken

orbit which can be viewed as a pair (u, v) 2 M(x, y)⇥M(y, z) for some y 2 Crit(f).
Conversely, by the Gluing theorem for every pair (u, v) 2 M(x, y) ⇥ M(y, z) there

exist a sequence in M(x, z), which Gromov-Floer converges to the corresponding

broken trajectory. That means that for every pair x, z 2 Crit(f), µ(x)� µ(z) = 2 we

can represent the boundary of M(x, z) in the following way

@M(x, z) =
[

y2Crit(f),
µ(x)�µ(y)=1

M(x, y)⇥M(y, z).
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In view of this fact we can compute over the Z2 field

0 = #(@M(z, x))

= #

⇣

[

y2Crit(f),
µ(x)�µ(y)=1

M(z, y)⇥M(y, x)
⌘

=

X

y2Crit(f),
µ(x)�µ(y)=1

#

⇣

M(z, y)⇥M(y, x)
⌘

=

X

y2Crit(f),
µ(x)�µ(y)=1

n(z, y)n(y, x)

Therefore, for all x 2 Crit(f)

@2x =

X

z2Crit(f),
µ(x)�µ(z)=2

⇣

X

y2Crit(f),
µ(x)�µ(y)=1

n(z, y)n(y, x)
⌘

z = 0,

as claimed.

By Proposition 2.12 for every exact symplectic manifold (M,!) and a regular

quintuple (H, J,N, f, g) we can define the associated Rabinowitz Floer homology by

RFHk(H, J,N, f, g) =
Im(@k+1)

Ker(@k)
.

In fact, Proposition 2.13 the homology defined above is independent of N, f and g in

the choice of regular quintuple. Therefore, whenever the symplectic manifold (M,!)
and the Hamiltonian H : M ! R satisfy assumptions (SG), (CT), (refitem:PO),

(MB) and (BD), then by Theorem 2 the set of regular almost complex structures is

generic and for each of them the associated Rabinowitz Floer homology

RFH(H, J,M)

is well defined.

Observe that, similarly as in the compact case, whenever ⌃ = H�1
(0) has no

periodic orbits of the Hamiltonian flow, then such defined Rabinowitz Floer homology

is in fact the Morse homology of the hypersurface. More precisely, the following

relations hold true

RFH(H, J,M) = RFH(H, J,N, f, g) ⇠
=

MH(f, g,⌃) ⇠
=

H(⌃).

The last isomorphism, between the Morse homology and the singular homology of ⌃

is a well know result and is presented for example in [35] Theorem 9. This observation

allows us to use the Rabinowitz Floer homology to look for periodic orbits. Indeed,

whenever the Rabinowitz Floer homology differs from the singular homology of the

hypersurface, then we can infer the existence of periodic orbits on ⌃.
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2.6 Independence
The aim of this section is to show that the Rabinowitz Floer homology is independent

of the choice of a regular quintuple. The first result in Proposition 2.13 states that

for a regular quintuple (H, J,N, f, g) the associated Rabinowitz Floer homology does

not depend on the choice of N, f and g. However, independence of the choice of the

almost complex structure and invariance under compactly supported homotopies of

Hamiltonians as stated in Theorem 4 needs more assumption namely uniform bounds

on the perturbed Floer trajectories and Novikov finiteness condition as stated in

Definition 2.14.

Proposition 2.13. Let (H, J,N0, f0, g0) and (H, J,N1, f1, g1) be two regular quintu-
ples. Then the corresponding Rabinowitz Floer homologies are isomorphic

RFH(H, J,N0, f0, g0) ⇠= RFH(H, J,N1, f1, g1)

Proof. The proof is done by incorporating the Morse theory for isolating neighbor-

hoods to the Rabinowitz Floer homology framework.

Observe that every connected component of C (AH , N0[N1) is an isolating neigh-

borhood both for gradient flow of f0 with respect to g0 and the gradient flow of

f1 with respect to g1. Following the classical approach form Morse theory, as for

example in section 4.1.3 in [35], we can construct a linear map between chain com-

plexes CF (AH1 , f1) and CF (AH0 , f0) using a homotopy of functions and metrics

� = {(fs, gs)}s2R, such that every connected component of C (AH , N0 [ N1) is iso-

lating for the gradient flow of fs with respect to gs for every s 2 R. The map is

constructed by counting the perturbed Morse flow lines corresponding to the homo-

topy, i.e. elements of the moduli space

M�
(p, q) :=

n

y 2 C1
(R, Crit(AH

))

�

�

�

d

ds
y(s) = rgsfs � y(s)

o

(2.22)

for pairs (p, q) 2 Crit(f0) ⇥ Crit(f1), such that µ(p) = µ(q). In particular, it maps

critical points from one connected component of Crit(AH
) to the same critical compo-

nent. Since the moduli spaces of flow lines with 0 cascades are just Morse trajectories,

therefore we can apply the Morse theory directly to conclude that the map commutes

with the boundary operators of RFH(H, J,N0, f0, g0) and RFH(H, J,N1, f1, g1) re-

spectively and in fact it is an isomorphism as shown in Theorem 8 in [35].

To prove the invariance of almost complex structures and compact perturbations of

Hamiltonians, we first introduce the notion of perturbed flow lines with cascades and

then formulate the conditions under which Theorem 4 holds. Let � = {(Hs, Js)}s2R
be a homotopy of Hamiltonians and almost-complex structures constant outside [0, 1],
then for any pair (p, q) 2 Crit(f0) ⇥ Crit(f1) we will define the space of perturbed

flow lines with cascades M�
(p, q), where every flow line has exactly one cascade

being a AHs
gradient trajectory, i.e. a solution of (2.5), while all the others are Floer
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trajectories of AH0
or AH1

quotient out by the R action, in a similar way we did it

for the unperturbed trajectories in Definition 2.4.

Note that contrary to the unperturbed case, the action on the perturbed Floer

trajectories may not be monotonically increasing. To deal with this phenomena we

introduce the Novikov finiteness condition, which assures that there is a bound on

how much the action can decrease along a perturbed Floer trajectory.

Definition 2.14. Let � = {(Hs, Js)}s2R be a smooth homotopy of Hamiltonians and
almost complex structures constant outside [0, 1]. For a pair a, b 2 R denote

A(�, a, b) := inf

8

<

:

9 ⇤i ✓ Crit(AHi
) i = 0, 1,

A 2 [(�1, b] AH0
(⇤0) � a, AH1

(⇤1) = A,
M �

(⇤0,⇤1) 6= ;

9

=

;

, (2.23)

B(�, a, b) := sup

8

<

:

9 ⇤i ✓ Crit(AHi
) i = 0, 1,

B 2 [a,+1) AH0
(⇤0) = B, AH1

(⇤1)  b,
M �

(⇤0,⇤1) 6= ;

9

=

;

(2.24)

We say that the homotopy � satisfies the Novikov finiteness condition if for each
pair (a, b) 2 CritV al(AH0

)⇥CritV al(AH1
) the corresponding A(�, a, b) and B(�, a, b)

are finite.

Now we will be able to formulate Lemma 2.15, which will be a crucial part of

proving the invariance of Rabinowitz Floer homology. For a choice of two pairs

of Hamiltonians and almost complex structures (H0, J0) and (H1, J1) Proposition

2.15 shows how to construct a homomorphism between the corresponding Rabinowitz

Floer homologies. In order to construct such a homomorphism one has to assume

there exists a homotopy � between (H0, J0) and (H1, J1) and a neighborhood O(�) of

0 in the space of compactly supported Hamiltonians, such that for all the homotopies

being perturbations of � by elements of O(�) satisfy the Novikov finiteness condition

and all the corresponding moduli spaces M �
(⇤0,⇤1) are bounded. One needs to

consider a whole neighborhood of homotopies, rather than just �, in order to be able

to perturb it and obtain transversality.

To formulate Lemma 2.15 let us recall the definition of the set C (AH ,K0) ✓
Crit(AH

) formulated in (2.6) for every compact subset K0 ✓ H�1
(0) and Definition

2.2) of a moduli space of Floer trajectories for a homotopy of Hamiltonians and almost

complex structures � = {Hs, Js}s2R, which satisfies (2.4) formulated in subsection

2.1.2.

Lemma 2.15. Let (H0, J0, N0, f0, g0) and (H1, J1, N1, f1, g1) be two regular quintu-
ples and there exists a compact subset K ✓ M , such that H1�H0 2 C1

0 (K). Suppose
that there exists a smooth homotopy of Hamiltonians and almost complex structures
� = {( ¯Hs, ¯Js)}s2R, such that

(

¯Hs, ¯Js) = (H0, J0) s  0,

(

¯Hs, ¯Js) = (H1, J1) s � 1,
¯Hs �H0 2 C1

0 (K), 8 s 2 [0, 1],
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and an open neighborhood O(�) of 0 in C1
0 ([0, 1]⇥K), such that for every h 2 O(�)

the corresponding homotopy

�(h) := {( ¯Hs + hs, ¯Js)}s2R (2.25)

the following is satisfied

(i) For every pair (a, b) 2 Crit(AH0
)⇥ Crit(AH1

)

A(�(h), a, b) > �1,

B(�(h), a, b) < +1,

where A(�(h), a, b) and B(�(h), a, b) are defined as in (2.23) and (2.24) respec-
tively. In particular �(h) satisfies the Novikov finiteness condition.

(ii) If we fix a pair of critical values (a, b) 2 CritV al(AH0
) ⇥ CritV al(AH1

), any
compact subset K0 ✓ H�1

0 (0), then for any pair of connected components

(⇤0,⇤1) ✓ C (AH0 ,K0)⇥ Crit(AH1
) (2.26)

such that a  AH0
(⇤0) and AH1

(⇤1)  b,

the corresponding set
M �(h)

(⇤0,⇤1)

is contained in a compact set of M ⇥ R and admits a uniform bound on the
energy, that is

sup

u2M�(h)(⇤0,⇤1)

Z

R
k@suk2ds < +1,

and the bounds do not depend on the choice of ⇤0,⇤1, but only on a, b,K0.

Then for a generic choice of h 2 O(�) the corresponding �(h) defines a homomor-
phism between the homologies

 

�(h)
: RFH(H1, J1, N1, f1, g1) ! RFH(H0, J0, N0, f0, g0).

Proof. The proof consist of two parts:

We will first prove that for a generic choice of h 2 O(�) and each pair of critical

points (x, y) 2 Crit(f0) ⇥ Crit(f1) the corresponding moduli space M�(h)
(x, y) is

a manifold without boundary, which can be compactified by moduli spaces of lower

index. To be more precise for critical points (x, y) 2 Crit(f0) ⇥ Crit(f1) of index

difference 1 = µ(x)� µ(y) one can compactify in the following way

@M�(h)
(x, y) =

⇣

[

z2Crit(f0),
µ(z)�µ(x)=1

M(x, z)⇥M�
(z, y)

⌘

[
⇣

[

w2Crit(f1),
µ(y)�µ(w)=1

M�(h)
(x,w)⇥M(w, y)

⌘
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In the second part we will explain how from the above relation one can construct an

homomorphism between RFH(H1, J1, N1, f1, g1) and RFH(H0, J0, N0, f0, g0).
Let us fix h 2 O(�) and let �(h) be the corresponding homotopy defined as in

(2.25). We will start with proving compactness. To be more precise, the claim is that

for a fixed pair (a, b) 2 CritV al(AH0
)⇥CritV al(AH1

), there exists a compact subset

K(a, b) ✓ M⇥R, such that for every pair of critical points (x, y) 2 Crit(f0)⇥Crit(f1)
with action bounded by a and b, that is

a  AH0
(x) and AH1

(y)  b

the corresponding moduli space is contained in K(a, b), in the following sense

8 ({uk}mk=1, {tk}m�1
k=1 ) 2 M�(h)

(x, y), uk(R⇥ S1
) ✓ K(a, b).

Indeed, let A(�(h), a, b) and B(�(h), a, b), be the critical values associated to a and b
by (2.23) and (2.24), respectively. Then for every ({uk}mk=1, {tk}m�1

k=1 ) 2 M�(h)
(x, y)

we have that the exists l 2 {1, . . .m} for which the following holds true:

AH0
(ev�(ul)) 2 [a,B(�(h), a, b)], AH1

(ev+(ul)) 2 [A(�(h), a, b), b],

for k = 1, . . . l � 1 AH0
(ev�(uk)),AH0

(ev+(uk)) 2 [a,B(�(h), a, b)],

for k = l + 1, . . .m AH1
(ev�(uk)),AH1

(ev+(uk)) 2 [A(�(h), a, b), b].

In particular, whenever

0 /2 [a,B(�(h), a, b)]

then there are no cascades passing through the non-compact component of Crit(AH0
)

and the claim follows immediately from the assumptions (ii) and (BD).

However, in case 0 2 [a,B(�(h), a, b)] there might be cascades passing through the

non-compact component of the critical set Crit(AH0
). We have to assure that there

exists a compact subset of H�1
0 (0)⇥ {0}, such that the flow lines passing through the

non-compact component of Crit(AH0
) are in fact confined to this compact set. We

claim that this compact subset is

K(a,B(�(h), a, b)) ✓ H�1
0 (0)⇥ {0}

defined as in Lemma 2.11.

If a cascade ({uk}mk=1, {tk}m�1
k=1 ) 2 M�(h)

(x, y) passes through H�1
0 (0)⇥{0}, then

we have two possibilities - either AH0
(x) < 0 or AH0

(x) = 0 and the cascade starts

at H�1
0 (0)⇥ {0}.

In the first case there exists k0 2 {1, . . . ,m}, such that

AH0
(ev+(uk0)) = 0 and ev+(uk0) 2 K(a,B(�(h), a, b)).

Since by definition for every t 2 R+

�f0g0(t,K(a,B(�(h), a, b)) ✓ K(a,B(�(h), a, b))

it follows that ev�(uk0+1) 2 K(a,B(�(h), a, b)).
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On the other hand, if AH0
(x) = 0 and the cascade starts on H�1

0 (0) ⇥ {0}, then

using the fact that N contains all the critical points of f on H�1
0 (0) and N is a

trapping region, we get

ev�(u1) 2 Wu
f (x) ✓ N ✓ K(a,B(�(h), a, b)).

Therefore the claim follows from assumption (ii) and (BD).

Summarizing: once we fix h 2 O(�), then for a fixed pair (a, b) 2 CritV al(AH0
)⇥

CritV al(AH1
), there exists a compact subset K(a, b) ✓ M ⇥ R, such that for every

pair of critical points (x, y) 2 Crit(f0) ⇥ Crit(f1) with action bounded by a and b,
that is

a  AH0
(x) and AH1

(y)  b,

the corresponding moduli space M�(h)
(x, y) is contained in K(a, b), by an argu-

ment similar to the one presented in Theorem 3 we can then conclude that in fact

M�(h)
(x, y) is compact up to breaking. Indeed, once we establish the compactness in

Proposition 2.5 and the convergence to critical points in Lemma 2.6, we can in fact

conclude that every sequence in M�(h)
(x, y) admits a subsequence which converges to

a broken flow line with cascades, which consists of a broken flow line with cascades of

AH0
, then exactly one perturbed flow line with cascades and the rest is a broken flow

line with cascades of AH1
. To be more precise, for every sequence vn 2 M�(h)

(x, y)
there exists a subsequence which converges to a sequence {wl}Ll=1 of flow lines with

cascades from xl�1 to xl, such that there exists l0 2 {1, . . . L} satisfying

{xl}L�1
l=1 2 (Crit(f0))

l0�1 ⇥ (Crit(f1))
L�l0

{wl}Ll=1 2 M(x, x1)⇥ · · ·⇥M�(h)
(xl0�1, xl0)⇥ · · ·⇥M(xL�1, y). (2.27)

Now we would like to equip M(x, y) with a manifold structure. We do it in a

similar way as in Theorem 2, but to achieve the transversality, rather than perturbing

the almost complex structures, we perturb the homotopy �. Indeed, following the

approach presented in Lemma 11.1.9 in [6] one can show that for a generic choice of

homotopy h 2 O(�) and every pair of connected components (⇤0,⇤1), ⇤i ✓ Crit(AH
)

the corresponding moduli space M �(h)
(⇤0,⇤1) is a smooth manifold of dimension

dim(M �(h)
(⇤0,⇤1)) = µCZ(⇤1)� µCZ(⇤0) +

1

2

(dim(⇤0) + dim(⇤1))

as in (2.14). A homotopy for which all the moduli spaces are smooth manifolds,

will be called a regular homotopy. Following the approach as in Theorem 2 we can

combine manifolds M �(h)
(⇤0,⇤1) to obtain flow lines with cascades for any pair of

critical points (x, y) 2 Crit(f0)⇥Crit(f1) and then use the gluing theorem to achieve

a manifold structure on M�(h)
(x, y). The dimension of this manifold is

dim(M�(h)
(x, y)) = µ(y)� µ(x)

and it differs from (2.17) by 1, which comes from the fact that we do not quotient out

the R-action on the perturbed cascade.
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This gives us a bound on the number of possible breaking of cascades. If vn

is sequence M�(h)
(x, y) which converges to a sequence {wl}Ll=1 of flow lines with

cascades, the by (2.27) we have an ordering on the critical points

{wl}Ll=1 2 M(x, x1)⇥ · · ·⇥M�(h)
(xl0�1, xl0)⇥ · · ·⇥M(xL�1, y)

µ(x) < µ(x1) < · · · < µ(xl0�1)  µ(xl0) < · · · < µ(xL�1) < µ(y)

which gives us a bound on the number of cascades in the sequence, namely

L  µ(y)� µ(x) + 1 (2.28)

Now, for every pair (x, y) 2 Crit(f0) ⇥ Crit(f1) the corresponding M�(h)
(x, y)

is a manifold without boundary, therefore whenever µ(x) = µ(y) then M�(h)
(x, y) is

a discrete set of points. By Proposition 2.5 M�(h)
(x, y) is also precompact, hence a

finite number of points. Abbreviate

m(x, y) := #M�(h)
(x, y)mod 2 2 Z2

and define a linear map  �(h)
between the chain complexes CF (AH1 , f1) and CF (AH0 , f0)

 �(h)
: CF (AH1 , f1) ! CF (AH0 , f0)

as the linear extension of

 �(h)
(y) :=

X

x2Crit(f0)

m(x, y)x.

Now let (x, y) 2 Crit(f0)⇥ Crit(f1) be a pair of critical points such that

µ(y)� µ(x) = 1

Then M�(h)
(x, y) is a 1-dimensional manifold without boundary. Moreover, by Propo-

sition 2.5 M(x, y) is also precompact. We argue the same way as in the case of moduli

spaces of unperturbed cascades, that the number of boundary points of M�(h)
(x, y)

counted over Z2 is equal 0. By (2.28), whenever µ(y) � µ(x) = 1, then a sequence

in M�(h)
(x, y) converges either to an element of M�(h)

(x, y) or to a broken flow line

with at most one break. In other words a sequence in M�(h)
(x, y) converges either

to an element of M�(h)
(x, y) or to (w1,w2) with two possible choices

(w1,w2) 2 M(x, z)⇥M�(h)
(z, y)

(w1,w2) 2 M�(h)
(x,w)⇥M(w, y)

for some z 2 Crit(f0) and w 2 Crit(f1), which satisfy

µ(z) = µ(x) + 1 = µ(y)

µ(w) = µ(y)� 1 = µ(x)
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This means that for every point in @M�(h)
(x, y), there exist a point z 2 Crit(f0)

or a point w 2 Crit(f1), with index difference as above, such that the boundary

point corresponds to a broken orbit which can be viewed either as a pair (w1,w2) 2
M(x, z) ⇥M�(h)

(z, y) or as a pair (w1,w2) 2 M�(h)
(x,w) ⇥M(w, y). Conversely,

by the Gluing theorem for every pair (w1,w2) 2 M(x, z) ⇥ M�(h)
(z, y) or a pair

(w1,w2) 2 M�(h)
(x,w)⇥M(w, y) there exist a sequence in M(x, y), which Gromov-

Floer converges to the corresponding broken trajectory. That means that for every

pair (x, y) 2 Crit(f0)⇥Crit(f1) we can represent the boundary of M�(h)
(x, y) in the

following way

@M�(h)
(x, y) =

⇣

[

z2Crit(f0),
µ(z)�µ(x)=1

M(x, z)⇥M�(h)
(z, y)

⌘

[
⇣

[

w2Crit(f1),
µ(y)�µ(w)=1

M�(h)
(x,w)⇥M(w, y)

⌘

This allows us to obtain the following relation

0 = #(@M�(h)
(x, y))

=

X

z2Crit(f0),
µ(z)�µ(x)=1

#(M(x, z)⇥M�(h)
(z, y)) +

X

w2Crit(f1),
µ(y)�µ(w)=1

#(M�(h)
(x,w)⇥M(w, y))

=

X

z2Crit(f0),
µ(z)�µ(x)=1

n(x, z)m(z, y) +
X

w2Crit(f1),
µ(y)�µ(w)=1

m(x,w)n(w, y)

where n(x, z) and n(w, y) are defined as in (2.21).

If we denote by @0 and @1 the boundary operator corresponding to CF (AH0 , f0)
and CF (AH1 , f1) respectively, then for any y 2 Crit(f1) we have

@0 �  �(h)
(y) =

X

x2Crit(f0),
µ(x)�µ(z)=1

X

z2Crit(f0)

m(z, y)n(x, z)x

=

X

x2Crit(f0)

⇣

X

z2Crit(f0),
µ(x)�µ(z)=1

n(x, z)m(z, y)
⌘

x

=

X

x2Crit(f0)

⇣

X

w2Crit(f1),
µ(y)�µ(w)=1

m(x,w)n(w, y)
⌘

x

=  �(h) � @1(y).

 �(h)
commutes with the differential, hence it induces a homomorphism between the

homologies

 

�(h)
: RFH(H1, J1, N1, f1, g1) ! RFH(H0, J0, N0, f0, g0).
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In the following lemma we will show that the homomorphism associated to the

identity homotopy is in fact an isomorphism. The construction of the homomorphism

is as in the proof of Lemma 2.15, but for the homomorphism to be well defined, we

do not need the assumptions of Lemma 2.15 to be satisfied - in fact the construction

can be carried out always. We will show that  

Id(H,J)
is equal to the isomorphism

from Proposition 2.13.

Corollary 2.16. Let (H, J,N0, f0, g0) and (H, J,N1, f1, g1) be two regular quintuples.
Then for the constant homotopy Id(H,J) = {H, J}s2R the corresponding homomor-
phism  

Id(H,J) is in fact an isomorphism:

 

Id(H,J)
: RFH(H, J,N1, f1, g1) ! RFH(H, J,N0, f0, g0).

Proof. By Proposition 2.13 without loss of generality we can assume (N0, f0, g0) =

(N1, f1, g1) = (N, f, g).
Observe that for two critical points ⇤0,⇤1 ✓ Crit(AH

), with µCZ(⇤0) = µCZ(⇤1)

the corresponding moduli space consists only of constant Floer trajectories, i.e.:

M Id(H,J)
(⇤0,⇤1) =

⇢

; ⇤0 6= ⇤1

⇤0 ⇤0 = ⇤1

In other words for every u 2 M Id(H,J)
(⇤0,⇤0), ev

+
(u) = ev�(u). That means that for

any pair x, y 2 Crit(f) with µ(x) = µ(y) the corresponding moduli space of cascades

is equal to

MId(H,J)
(x, y) = Wu

(f,g)(x) \W s
(f,g)(y).

But whenever µ(x) = µ(y), then

MId(H,J)
(x, y) 6= ; () x = y.

Therefore, the corresponding map  Id(H,J)
is an identity on the chain complex CF (AH , f)

and the homomorphism  

Id(H,J)
is an identity on the homologies.

Now we will proceed with the last part and following the approach presented in

Section 11.3 of [6], we will show that for two different choices of regular homotopies

�

0
and �

1
the induced homomorphisms are equal  

�0

=  

�1

.

Lemma 2.17. Let (H0, J0, N0, f0, g0) and (H1, J1, N1, f1, g1) be two regular quintu-
ples and there exists a compact subset K ✓ M , such that H1 � H0 2 C1

0 (K). Let
�

0
= {(H0

s , J
0
s )}s2R and �1 = {(H1

s , J
1
s )}s2R be two smooth homotopies of Hamilto-

nians and almost complex structures, such that

(H0
s , J

0
s ) = (H0, J0) = (H1

s , J
1
s ) s  0,

(H0
s , J

0
s ) = (H1, J1) = (H1

s , J
1
s ) s � 1,

H0
s �H0, H

1
s �H0 2 C1

0 (K), 8 s 2 [0, 1],
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Moreover, assume that �0 and �1 are regular in the sense of Lemma 2.15, i.e. the
corresponding homomorphisms  �0

and  �1

are well defined. Assume there exists a
homotopy of homotopies

e

� = {e��}�2[0,1] = {( ˜H�
s ,

˜J�
s )}(�,s)2[0,1]⇥R,

such that

e

�

0
= �

0 and e

�

1
= �

1,

8 � 2 [0, 1] (

˜H�
s , ˜J

�
s ) = (H0, J0) s  0,

8 � 2 [0, 1] (

˜H�
s ,

˜J�
s ) = (H1, J1) s � 1,

˜H�
s �H0 2 C1

0 (K), 8 (s,�) 2 [0, 1]2,

and an open subset O(

e

�) ✓ C1
0 ([0, 1]2 ⇥ K), such that for every h 2 O(

e

�) the
corresponding homotopy of homotopies {��(h)}�2[0,1] defined

�

�
(h) := {( ˜H�

s + h�
s , ˜J

�
s )}s2R � 2 [0, 1]

satisfies conditions (i) and (ii) of Lemma 2.15 uniformly in �.
Then the homomorphisms  �0

and  �1

are equal.

Proof. We will prove the equality  

�0

=  

�1

by constructing a chain homotopy, i.e.

a sequence of maps S between the chain complexes satisfying

S⇤ : CF⇤(AH1 , f1) ! CF⇤+1(AH0 , f0)

 �0 �  �1

= S � @1 + @0 � S.

We construct S using the homotopy of homotopies

e

� = {e��}�2[0,1]. A homotopy

between �

0
and �

1
always exists because C1

0 (K) is a linear space and J (M,!) is

simply connected.

Fix h 2 O(

e

�) and define the corresponding �(h):

�(h) := {��(h)}�2[0,1]

�

�
(h) := {( ˜H�

s + h�
s , ˜J

�
s )}s2R.

For every pair (x, y) 2 Crit(f0)⇥Crit(f1) and a fixed � 2 [0, 1] we denote the moduli

space of cascades corresponding to �

�
(h) by M��(h)

(x, y). Now we define the moduli

space of �(h) in the following way

M�(h)
(x, y) := {(�, u) | � 2 [0, 1], u 2 M��(h)

(x, y)}.

By assumptions (i) and (ii) we have bounds on moduli spaces and Novikov conditions

on the whole set

{{( ˜H�
s + h�

s , ˜J
�
s )}s2R | h 2 B(�),� 2 [0, 1]},
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hence we can obtain compactness of M�(h)
in the similar fashion as we did before for

a fixed homotopy.

Moreover, for a generic choice of h 2 B(�) the corresponding moduli space

M�(h)
(x, y) is a smooth manifold of dimension

dim(M�(h)
(x, y)) = µ(y)� µ(x) + 1.

In case µ(x) = µ(y) + 1, then M�(h)
(x, y) is a 0-dimensional compact manifold, thus

a finite number of points, which we will denote by

m�(h)
(x, y) := #(M�(h)

(x, y))mod 2. (2.29)

Now we can define the map

S : CF⇤(AH1 , f1) ! CF⇤+1(AH0 , f0)

as a linear extension of

S(y) :=
X

x2Crit(f0),
µ(x)=µ(y)+1

m�(h)
(x, y)y.

On the other hand, in case µ(y) � µ(x), then M�(h)
(x, y) is in fact a manifold

with boundary, which is a cobordism between M�0

(x, y) and M�1

(x, y)

M�(h)
(x, y) \ @M�(h)

(x, y) = ({0}⇥M�0

(x, y)) [ ({1}⇥M�1

(x, y)).

However, M�
(x, y) itself may not be compact, but can be compactified as it is shown

in Theorem 11.3.11 in [6]. For every pair (x, y) 2 Crit(f0) ⇥ Crit(f1), such that

µ(y) = µ(x) we denote

⇧

�(h)
(x, y) :=

⇣

[

z2Crit(f0),
µ(z)�µ(x)=1

M(x, z)⇥M�(h)
(z, y)

⌘

[
⇣

[

w2Crit(f1),
µ(y)�µ(w)=1

M�(h)
(x,w)⇥M(w, y)

⌘

then M�(h)
(x, y) [ ⇧�(h)

(x, y) is a compact, 1-dimensional manifold with boundary

and

@M�(h)
(x, y) = ⇧�(h)

(x, y) [ ({0}⇥M�0

(x, y)) [ ({1}⇥M�1

(x, y)).

Now using the fact that the number of connected components of a boundary of a

compact 1-dimensional manifold M�(h)
(x, y) counted in Z2 is 0 we can calculate

0 = #(M�(h)
(x, y))

= #(⇧

�(h)
(x, y) [ ({0}⇥M�0

(x, y)) [ ({1}⇥M�1

(x, y)))

=

X

z2Crit(f0),
µ(z)�µ(x)=1

n(x, z)m�(h)
(z, y) +

X

w2Crit(f1),
µ(y)�µ(w)=1

m�(h)
(x,w)n(w, y) +m�0

(x, y) +m�1

(x, y).
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Therefore, indeed we obtain the claimed equality

 �0 �  �1

= @0 � S + S � @1,

which assures that the induced homomorphisms  

�0

and  

�1

are equal.

Corollary 2.18. Let homotopy � = {( ¯Hs, ¯Js)}s2R and the open set O(�) be as in
Lemma 2.15. If O(�) is connected and the conditions (i) and (ii) from Lemma (2.15)
are satisfied uniformly over the whole set

G (�) := {{( ¯Hs + hs, ¯Js)}s2R | h 2 O(�)},

then for every pair of regular homotopies

�

0,�1 2 G (�) := {{( ¯Hs + hs, ¯Js)}s2R | h 2 O(�)}

the corresponding homomorphisms  �0

and  �1

are equal.

Proof. �0,�1 2 G (�), hence there exist h0, h1 2 O(�), such that

�

0
= {( ¯Hs + h0s, ¯Js)}s2R and �

1
= {( ¯Hs + h1s, ¯Js)}s2R.

O(�) is connected, hence there exists

¯h 2 C1
([0, 1]2 ⇥K), such that

¯h0
= h0 and

¯h1
= h1

¯h� 2 O(�) 8 � 2 [0, 1].

Using

¯h we define the homotopy of homotopies

e

�:

e

� := {e��}� = {( ¯Hs +
¯h�
s , ¯Js)}(�,s)2[0,1]⇥R

and corresponding set

O(

e

�) := {h 2 C1
0 ([0, 1]2 ⇥K) | 8 � 2 [0, 1] h� � ¯h� 2 O(�)}.

Then O(

e

�) is open in C1
0 ([0, 1]2 ⇥ K) and for all h 2 O(

e

�) and � 2 [0, 1] the

corresponding homotopy

{( ¯Hs +
¯h�
s + h�

s , ¯Js)}s2R 2 G (�)

therefore by assumption the set

{{( ¯Hs +
¯h�
s + h�

s , ¯Js)}s2R | h 2 O(

e

�),� 2 [0, 1]}

and

e

� satisfy assumptions of Lemma 2.17, which implies that the homomorphisms

 

�0

and  

�1

corresponding to �

0
and �

1
respectively are equal.

For the proof of the proposition below we refer to [6] Proposition 11.2.9 Section

11.5.
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Proposition 2.19. Let (H↵, J↵, N↵, f↵, g↵), (H� , J� , N� , f� , g�) and (H� , J� , N� , f� , g�)
be three regular quintuples, such that there exists a compact subset K ✓ M , such that
H� �H↵, H� �H↵ 2 C1

0 (K). Let

�

↵�
= {( ¯H↵�

s , ¯J↵�
s )}s2R

�

��
= {( ¯H��

s , ¯J��
s )}s2R

be two regular homotopies in the sense of Lemma 2.15 for the two pairs ((H↵, J↵), (H� , J�))
and ((H� , J�), (H� , J�)) respectively, constant outside of [0, 1], such that the corre-
sponding concatenation

�

↵�
#�

��
=

⇢

(

¯H↵�
2s , ¯J↵�

2s ) s  1
2

(

¯H��
2s�1,

¯J��
2s�1) s � 1

2

is also regular. If for an R-dependent family of homotopies {�R}R�0 defined

�

R
= {( ¯HR

s , ¯JR
s )}s2R :=

(

�

¯H↵�
(1+e�R)(s+R),

¯J↵�
(1+e�R)(s+R)

�

s  1
2

�

¯H��

(1+e�R)(s�R� 1
2 )
, ¯J��

(1+e�R)(s�R� 1
2 )

�

s � 1
2

there exists an open set O(�

R
) ✓ C1

0 ([0,+1) ⇥ [0, 1] ⇥ K), such that for every
h 2 O(�

R
) the corresponding R-dependent family of homotopies {�R(h)}R�0 defined

�

R
(h) := {( ¯HR

s + hR
(1+e�R)(R+ 1

2�|s� 1
2 |)

, ¯JR
s )}s2R

satisfies conditions (i) and (ii) of Lemma 2.15 uniformly in R.
Then the corresponding homomorphisms satisfy

 

�
↵�

=  

�
↵�

� �
��

.

If � = {(Hs, Js)}s2R is a smooth homotopy of Hamiltonians and almost complex

structures between (H0, J0) and (H1, J1) satisfying (2.5), then �

�1
is a homotopy

from (H1, J1) to (H0, J0) defined in the following way

�

�1
:= {(H1�s, J1�s)}s2R

Then the concatenations �

�1
#� and �#�

�1
are:

�#�

�1
:= {(H1�|2s�1|, J1�|2s�1|)}s2R

�

�1
#� := {(H|2s�1|, J|2s�1|)}s2R.

Now we are finally ready to formulate the theorem stating the isomorphism of Rabi-

nowitz Floer homology.
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Theorem 4. Let (H0, J0, N0, f0, g0) and (H1, J1, N1, f1, g1) be two regular quintuples,
such that there exists a compact subset K ✓ M , such that H1 � H0 2 C1

0 (K). Let
� = {( ¯Hs, ¯Js)}s2R be a regular homotopy between (H0, J0) and (H1, J1) in the sense
of Lemma 2.15. For every R � 0 denote

�

R
:= {(H(1+e�R)(R+ 1

2�|s� 1
2 |)

, J(1+e�R)(R+ 1
2�|s� 1

2 |)
)}s2R

e

�

R
:= {(H(1+e�R)(|s� 1

2 |�R), J(1+e�R)|s� 1
2 |�R)}s2R.

Denote the identity homotopies as

Id(H0,J0) = {(H0, J0)}s2R,

Id(H1,J1) = {(H1, J1)}s2R.

If the two pairs (�#�

�1
, Id(H0,J0)) and (�

�1
#�, Id(H1,J1)) satisfy assumptions of

Lemma 2.17 and the families {�R}R�0 and {e�R}R�0 satisfy assumptions of Proposi-
tion 2.19, then RFH(H0, J0, N0, f0, g0) is isomorphic to RFH(H1, J1, N1, f1, g1)

RFH(H0, J0, N0, f0, g0) ⇠= RFH(H1, J1, N1, f1, g1).

Proof. Using our assumptions, we can apply Lemma 2.17 and Corollary 2.16 to obtain

that the following homomorphisms are equal

 

��1#�
=  

Id(H0,J0)
= Id,

 

�#��1

=  

Id(H1,J1)
= Id.

On the other hand by Proposition 2.19 we have that

 

��1#�
=  

��1 � �,

 

�#��1

=  

� � ��1

.

This way we have shown that the Rabinowitz Floer homology is invariant under

compactly supported perturbations of Hamitonians and any perturbations of the al-

most complex structures, as long as one can obtain uniform bounds for the Novikov

conditions and on the moduli spaces for the suitable neighborhoods of homotopies.

The uniform bounds are necessary to obtain both transversality and compactness of

moduli spaces. Unfortunately, we cannot automatically deduce bounds on the per-

turbed homotopies from the bounds on the non-perturbed, because for non-compact

connected components of the critical set of the action functional it is not possible to

find an isolating neighborhood in the classical sense, i.e. as defined by Floer in [20].

In consequence, we cannot argue that the definition of Rabinowitz Floer homology

does not depend on the choice of the almost complex structure.
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The standard method to obtain invariance of the homology of the choice of the

almost complex structure is to apply the theory of isolating neighborhoods for Floer

trajectories defined by Floer in [20]. The idea is as follows: if we obtain uniform

bounds on the moduli spaces for a fixed pair (H, J) consisting of a Hamiltonian and

a family of almost complex structures and from the bounds we are able to construct

an isolating neighborhood, then for close enough pairs (Hk, Jk) the neighborhood is

also isolating and the argument is based on the result from Proposition 2.5. Unfortu-

nately, whenever the hypersurface is non-compact, we cannot construct an isolating

neighborhood in the classical sense, due to the fact that it will always contain critical

points on its boundary. However, we had some ideas how to adjust the theory of

isolating neighborhoods to the non-compact case, but it would need changing both

the definition of isolating neighborhood and Proposition 2.5. The approach would be

to change the definition of isolating neighborhood by considering the closure of the

set of non-constant Floer trajectories and critical points and requiring them to be

in the interior of the isolating neighborhood. This way we include only the critical

points, which are in the closure of the set of the non-constant Floer trajectories, but

exclude those which aren’t. This would allow us to construct an isolating neighbor-

hood whenever the moduli spaces are bounded. However, the proof of Proposition

2.5 would have to change, since the aim would be to prove that whenever (Hk, Jk)
converges to (H, J), then a sequence of non-constant Floer trajectories corresponding

to (Hk, Jk) converges in the limit to a sequence of non-constant Floer trajectories

of (H, J) or to the critical points in their closure. This may not be true in general,

since the sequence of of non-constant Floer trajectories corresponding to (Hk, Jk) may

converge to critical points, which may not be in the closure of non-constant Floer tra-

jectories of (H, J). However, we believe that this situation may be excluded by using

the Morse-Bott property of the action functional, more precisely the exponential con-

vergence of the non-constant Floer trajectories near the manifold of critical points

as proven in Theorem 25 in [19]. If the method would work, then it would simplify

the arguments in the proofs of invariance and hopefully allow us to establish the

independence of Rabinowitz Floer homology from the choice of the almost complex

structure.

2.7 Genericity of the Morse-Bott property

In this section we will first analyze a very important property of the Rabinowitz

action functional, namely the Morse-Bott property, and later discuss how it relates

to the assumption (PO) and its stronger version (PO+). Finally, we will combine

the Morse-Bott property and property (PO) to prove that the set of critical values is

closed and discrete.

Definition 2.20. Let X be a manifold (possibly infinite-dimensional). A C2 func-
tional A : X ! R is Morse-Bott if it has the following two properties:
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1. The set of critical values consists of a union of smooth manifolds

Crit(A) =

[

i

Ci.

2. For all w 2 Ci and all i,
TwCi = Ker(r2

wA).

The assumption that the action functional is Morse-Bott is crucial in constructing

Rabinowitz Floer homology. However, for the construction we need something more

namely that the periodic orbits are of Morse-Bott type. Take the projection

⇡AH : Crit(AH
) ! H�1

(0),

(v, ⌘) 7! v(0).

Definition 2.21. We say that the closed orbits of the Hamiltonian flow � on H�1
(0)

are of Morse-Bott type if ⌘ is constant on every connected component ⇤ ✓ Crit(AH
),

the image of ⇤ under the projection

P⇤
:= ⇡AH (⇤)

is a closed submanifold of H�1
(0) and for all p 2 P⇤

TpP⇤
= Ker(Dp�

⌘ � Id) ✓ TpH
�1

(0).

Those two Morse-Bott assumptions are related in the following way:

All the closed orbits of the Hamiltonian flow � on H�1
(0) are of Morse-Bott type

if and only if AH
is Morse-Bott and ⌘ is constant on every connected component of

Crit(AH
). This statement is proven in Proposition 2.27.

In general for an arbitrary Hamiltonian the corresponding Rabinowitz action func-

tional may not be Morse-Bott. However, one can prove that the Morse-Bott property

is generic under certain assumptions. Our proof is inspired by the method presented

in Appendix B of [12] and carried out for compactly supported Hamiltonians. How-

ever, if we want the result to hold also for non-compact energy level sets we have to

restrict ourselves only to compact perturbations h 2 C1
0 (K) and add the additional

assumption that all the periodic orbits of XH0+h
are contained in a compact set K.

This assumption plays a key role both in applying the result on the surjectivity of

the Fredholm operator as it is done in [12] as well as in proving the genericity in the

smooth category, which is explained in the proof of the following Theorem in much

more detail.

Theorem 5. Let (M,!) be a symplectic manifold and H0 : M ! R a smooth Hamil-
tonian, such that 0 is a regular value. For a fixed compact set K ✓ M denote by
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B(K) the open neighborhood of 0 in C1
0 (K), such that for all h 2 B(K), 0 is a reg-

ular value of H0 + h and all the non-degenerate periodic orbits of Hamiltonian vector
field XH0+h on (H0 + h)�1

(0) are contained in K, i.e.

(v, ⌘) 2 Crit(AH0+h
) & ⌘ 6= 0 =) v(t) 2 K 8 t 2 S1.

In other words, all the non-degenerate critical points of the associated Rabinowitz
action functional AH0+h are contained in K. Then the set of Hamiltonians, such
that the associated Rabinowitz action functional is Morse-Bott

{h 2 B(K) | AH0+h is Morse-Bott } (2.30)

is comeager in (B(K), k kC1
).

Proof. To prove that generically the Rabinowitz action functional is Morse-Bott, one

uses the standard techniques from Fredholm theory. In particular, the challenge is to

prove that AH
is Morse-Bott at the non-degenerate critical points, since it is always

Morse-Bott at H�1
(0) ⇥ {0} as shown in Lemma 2.23. To prove that AH

is Morse-

Bott at the non-degenerate critical points, one has first to represent the Crit(AH
) as

a preimage of a 0-level set of a section of a Hilbert bundle. Then we use the infinite

dimensional version of implicit function theorem, which says that for a Fredholm

operator of index k between two separable Banach manifolds the preimage of a regular

point is a k-dimensional manifold (see Theorem A.3.3 in [28]). Afterwards, one uses

the infinite dimensional version of Sard’s theorem due to Smale (see Theorem A.5.1

in [28]) to show that the set of regular values of the Fredholm operator is of second

category. Finally, one proves how to obtain results in the smooth category using the

strategy presented in Appendix B of [12].

First let us give grounds for B(K) being open in C1
0 (K). Indeed, if 0 is a regular

value of H0 + h0, then for all h 2 C1
0 (K), such that

kh� h0kC1(K) < inf

K
kr(H0 + h0)k

then 0 is a regular value of H0 + h, since

inf

K
kr(H0 + h)k > 0.

For k 2 N, k � n, define Bk
1 (K) as the unique open set in Ck

0 (K) such that

B(K) = Bk
1 (K)

\

C1
0 (K)

Then for H 2 H0 +Bk
1 (K)

TH(H0 +Bk
1 (K)) = Ck

0 (K).

Following the approach from Step 2 in Appendix B of [12], we introduce a Hilbert

bundle

⇡ : E ! H where

H := W 1,2
(S1,R2n

)⇥ R,
E(v,⌘) := L2

(S1, v⇤TR2n
)⇥ R.
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Then for H 2 H0 +Bk
1 (K) one can then construct a section of this bundle

sH : H ! E
sH(v, ⌘) := rAH

(v, ⌘).

Naturally, the zero section corresponds to the set of critical points of AH
. For (v, ⌘) 2

H ✓ E there exists a canonical splitting

T(v,⌘)E = E(v,⌘) ⇥ T(v,⌘)H.

Denote by

⇧(v,⌘) : T(v,⌘)E ! E(v,⌘),

the projection along T(v,⌘)H. The vertical differential of this section at (v, ⌘) 2 s�1
H (0)

is defined

DsH(v, ⌘) : T(v,⌘)H ! E(v,⌘)
DsH(v, ⌘) := ⇧(v,⌘) � d(v,⌘)sH

Note that this vertical differential is equal to r2AH

DsH(v, ⌘) = r2
(v,⌘)AH .

DsH is a Fredholm operator of index 0, in particular

Ker(DsH) = Coker(DsH).

We now take DsH and quotient out the infinitesimal generator (@tv, 0) of the S1

action and abbreviate

DsH(v, ⌘) : H(v,⌘) ! E(v,⌘)
.

(@tv, 0) .

This way DsH is a Fredholm operator of index 1. Whenever DsH is surjective at

(v, ⌘) 2 s�1
H (0), then by implicit function theorem s�1

H (0) is locally near (v, ⌘) is a

1-dimensional manifold. In particular, Crit(AH
) has locally a manifold structure and

T(v,⌘)Crit(AH
) = T(v,⌘)s

�1
H (0) = Ker(DsH(v, ⌘)) = Ker(r2

(v,⌘)AH
).

In fact for such (v, ⌘) 2 s�1
H (0)

T(v,⌘)s
�1
H (0) = Ker(DsH(v, ⌘)) = Coker(DsH(v, ⌘)) = h(@tv, 0)i,

which proves that the connected component of Crit(AH
) corresponding to such a

(v, ⌘) is an embedded circle.

Denote by Bk
2 (K) the set of Hamiltonians H for which DsH is surjective at all

(v, ⌘) 2 s�1
H (0) \ (H�1

(0)⇥ {0}).

Bk
2 (K)) := {h 2 Bk

1 (K)) |DsH0+h is surjective 8 (v, ⌘) 2 s�1
H0+h(0)\((H0+h)�1

(0)⇥{0})}.
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Whenever, h 2 Bk
2 (K)), then s�1

H0+h(0) \ ((H0 + h)�1
(0) ⇥ {0}) is a 1-dimensional

submanifold of H, more precisely a disjoint union of circles.

To prove that the Morse-Bott property holds, we would like to investigate Bk
2 (K)).

To do that we extend the section sH to

Sk : Bk
1 (K)⇥H ! E

Sk(h, v, ⌘) := sH0+h(v, ⌘).

such that

S�1
k (0) = {(h, v, ⌘) 2 Bk

1 (K)⇥H | (v, ⌘) 2 Crit(AH0+h
)}.

Similarly, to what we’ve done with sH we take the vertical differential of this section

at the zero set S�1
k (0) and quotient out the infinitesimal generator (@tv, 0) of the

S1
action, then for H 2 H0 + Bk

1 (K) and (v, ⌘) 2 Crit(AH
) one can construct an

operator DSk

DSk : Ck
0 (K)⇥ T(v,⌘)H ! T(v,⌘)E

.

(@tv, 0)

between the separable Banach spaces

(Ck
0 (K)⇥ T(v,⌘)H, k kCk ⇥ k kW 1,2 ⇥ R)

and

�

T(v,⌘)E
.

(@tv, 0) , k kL2 ⇥ R
�

.

The operator DSk is Fredholm, so in particular it’s image is closed. Therefore, to

prove that it is surjective at all (h, v, ⌘) 2 S�1
k (0), such that v are not fixed points of

the S1
action, it is enough to show that at that points the annihilator of the image is

0. Since we restrict ourselves only to compact perturbations of the Hamiltonians from

Ck
0 (K), we can directly apply the proof of the surjectivity from Step 2 in Appendix

B of [12], which shows that DSk is surjective for all (h, v, ⌘) 2 S�1
k (0), for which v’s

are not fixed points of the S1
action, i.e. ⌘ 6= 0. Knowing that we can apply now the

implicit function theorem to conclude that

S�1
k (0) ✓ Bk

1 (K)⇥H

is a Banach manifold. Note that by the 1st claim in Lemma 2.22 the set of regular

values of

⇡ : S�1
k (0) ! Bk

1 (K),

is equal to Bk
2 (K). Moreover, by the Sard-Smale theorem Bk

2 (K) is comeager in

(Bk
1 (K), k kCk) and for all H 2 H0 + Bk

2 (K) the corresponding action functional is

Morse-Bott.

Now we would like to obtain this result in the smooth category. Define

B1
2 (K) :=

\

k�2

Bk
2 (K),

then

H0 +B1
2 (K) ✓ H0 +B(K),
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is the set of all smooth Hamiltonians admitting Property (MB). We would like to prove

that B1
2 (K) is comeager in (B(K), k kC1

) using an approach similar to Taubes trick.

For T > 0 and 1  k < 1 define the sets

CritT (AH
) := {(v, ⌘) 2 s�1

H (0) | 0 < |⌘|  T},
Sk(T ) := {(h,w) 2 S�1

k (0) | w 2 CritT (AH0+h
)}, (2.31)

Bk
2 (T ) := {h 2 Bk

1 (K) | DsH0+h(w) is surjective 8 w 2 CritT (AH0+h
)} (2.32)

B1
2 (T ) :=

\

k2N
Bk

2 (T ). (2.33)

Naturally, the for all 1  k  1

Bk
2 (K) =

\

T2N
Bk

2 (T ).

Moreover, for l � k
Bl

2(T ) = Bk
2 (T ) \ Cl.

In particular it holds also for l = 1.

By Lemma 2.22 we know that for every T > 0 and 1  k < 1, Bk
2 (T ) is open

in (Bk
1 (K), k kCk). But since B1

2 (T ) = Bk
2 (T ) \ C1

, it follows that B1
2 (T ) is

open in (B(K), k kC1
). Therefore, it suffices to show that B1

2 (T ) is also dense in

(B(K), k kC1
).

For k 2 N, Bk
2 (K) is comeager in Bk

1 (K) and Ck
0 (K) is a Baire space, therefore by

Baire’s theorem (see [34] Chapter 2) Bk
2 (K) is dense in Bk

1 (K). In particular, since

for all T > 0, Bk
2 (T ) ✓ Bk

2 (K) this implies that Bk
2 (T ) is dense in Bk

2 (K).

Since for every k 2 N, C1
is dense in Ck

, B1
2 (T ) = Bk

2 (T )\C1
and by Lemma

2.22 Bk
2 (T ) is open in (Bk

1 (K), k kCk) for every 1 > k � n, therefore B1
2 (T ) is dense

in in (Bk
1 (K), k kCk).

Fix k and y 2 Bk
1 (K). Since Bk

2 (T ) is dense in Bk
1 (K) there exists a sequence

{yi}i2N 2 Bk
2 (T ), such that yi ! y in Ck

topology. Moreover, B1
2 (T ) is dense in

Bk
2 (T ), hence for all i 2 N there exists a sequence {yij}j2N 2 B1

2 (T ), such that yij ! yi
in Ck

topology. By diagonal argument {yii}i2N converges to y in Ck
topology. This

proves that B1
2 (T ) is dense in Bk

1 (K) in the Ck
topology.

Now fix x 2 B(K). For every k, B(K) ✓ Bk
1 (K) and B1

2 (T ) ✓ Bk
1 (K) is dense

in the Ck
topology, hence for every k there exists a sequence {xk

i }i2N 2 B1
2 (T ), such

that limi!1 xk
i = x in Ck

topology. Note that for all k 2 N, limi!1 kxi
i � xkCk = 0

and therefore xi
i ! x in the C1

topology. This proves that B1
2 (T ) is dense in B(K).

This concludes the proof that

B1
2 (K) =

\

T2N
B1

2 (T )

is comeager in (B(K), k kC1
) and by combining the proof above with the statement

of Lemma 2.23 we can infer that for all h 2 B1
2 (K) the corresponding AH0+h

satisfies

property (MB).
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Lemma 2.22. Let Bk
2 (T ) be a set defined as in (2.33). Then Bk

2 (T ) is open in
(Bk

1 (K), k kCk) for all T > 0 and 1 > k � n.

Proof. First we will prove that the claim holds for 1 > k � n.

Fix 1 > k � n, then the following holds true:

1

st
claim: (h,w) 2 S�1

k (0), w /2 (H0 + h)�1
(0) ⇥ {0} is a regular point of ⇡ : S�1

k (0) !
Bk

1 (K) if and only if DsH0+h(w) is surjective.

2

nd
claim: The set of regular points of ⇡ : S�1

k (0) ! Bk
1 (K) is open in S�1

k (0).

3

rd
claim: Fix T > 0 and consider the set Sk

(T ) as in (2.31) . Let {(hj , vj , ⌘j)}j2N be a

sequence in Sk
(T ) such that

lim

i!1
hi = h.

Then there exists a convergent subsequence in S�1
k (0) to an element of {h} ⇥

CritT (AH0+h
)

lim

i!1
(hj , vj , ⌘j) 2 {h}⇥ CritT (AH0+h

).

Proofs of the claims:

1st claim: For (h, ⇣) 2 Ck
0 (K)⇥ TwH we can express DSk as

DSk(h,w)(h, ⇣) = DsH0+h(w)(⇣) +DSk(h,w)(h, 0).

DSk(h,w) is surjective for all (h,w) 2 S�1
k (0), w /2 (H0 + h)�1

(0) ⇥ {0},
therefore DsH0+h(w) is surjective if and only if for every h 2 Ck

0 (K), there

exists ⇣h 2 TwH, such that

(h, ⇣h) 2 Ker(DSk(h,w)) = T(h,w)S
�1
k (0),

which is equivalent to the statement that

d⇡(h,w) : T(h,w)S
�1
k (0) ! Ck

0 (K)

(h, ⇣h) 7! h

is a surjection.

2nd claim: The fact that the set of surjective linear operators is open in the space of linear

operators together with the continuity of

⇡ : S�1
k (0) ! Bk

1 (K),

gives that the set or regular points of ⇡ is open in S�1
k (0).
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3rd claim: A sequence if {(hj , vj , ⌘j)}j2N 2 Sk
(T ), then {(vj , ⌘j)}j2N is contained in K ⇥

[�T, T ]. Naturally, we can find a subsequence that

lim

j!1
⌘j = ⌘ & |⌘|  T.

Now combining it with the fact that {(vj , ⌘j)}j2N solves Hamilton’s equations

and limj!1 hj = h, by a boot-strapping argument, we obtain that {vj}j2N is

uniformly bounded in Ck
. Therefore, there exists a convergent subsequence in

Ck

lim

j!1
vj = v & v(t) 2 K 8 t 2 S1.

Due to the continuity reasons

k@tv � ⌘XH0+hk  k@tv � @tvjk+ |⌘j |kXH0+hj �XH0+hk+ |⌘j � ⌘|kXH0+hk,

hence (v, ⌘) 2 Crit(AH0+h
).

Observe that DSk is surjective on Sk
(T ), which combined with the fact that

the set of surjective linear operators is open in the space of linear operators

combined, we can deduce that Sk
(T ) and

{(H0 + h)�1
(0) | h 2 B1

k(K)}⇥ {0}

are disjoined in S�1
k (0).

Therefore

lim

i!1
(hj , vj , ⌘j) 2 {h}⇥ CritT (AH0+h

).

By 1

st
claim we can rewrite

Bk
2 (T ) := {h 2 Bk

1 (K) | h is a regular value of ⇡
�

�

�

Sk(T )
: Sk(T ) ! Bk

1 (K)}.

Bk
2 (T ) is not open in Bk

1 (K) if and only if

cl(Bk
1 (K) \Bk

2 (T )) \Bk
2 (T ) 6= ;.

In other words there exists h 2 Bk
2 (T ) and a sequence {hj}j2N /2 Bk

2 (T ), such that

limi!1 hi = h. Since hj /2 Bk
2 (T ) there exists wj 2 CritT (AH0+hj

) such that

(Hj , wj) is not a regular point of ⇡ : S�1
k (0) ! Bk

1 (K). By 3

rd
Claim the sequence

{(hj , wj)}j2N has a convergent subsequence in S�1
k (0) and

lim

j!1
(hj , wj) = (h,w) 2 {h}⇥ CritT (AH0+h

).

On the other hand, since h 2 Bk
2 (T ) then (h,w) is a regular point of ⇡ : S�1

k (0) !
Bk

1 (K) and by 2

nd
Claim one can find an open neighborhood of (h,w) in S�1

k (0), which

consists only of regular points of ⇡. This is in contradiction with our assumption that

for every j 2 N, (Hj , wj) is not a regular point of ⇡ : S�1
k (0) ! Bk

1 (K). This proves

that Bk
2 (T ) is open in (Bk

1 (K), k kCk) for all T > 0 and 1 > k � n.
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To complete the proof of Theorem 5 one has to check the Morse-Bott property

along the subset of Crit(AH
), which consists of the fixed points of the rotation action,

i.e. the manifold of constant loops H�1
(0)⇥{0}. In fact for any fixed Hamiltonian the

corresponding action functional is always Morse-Bott along H�1
(0)⇥ {0}, as proven

in the Lemma below.

Lemma 2.23. Let (M,!) be an exact, symplectic manifold, H : M ! R be a Hamil-
tonian and AH be the associated Rabinowitz functional. Assume 0 to be a regu-
lar value of H and consider the subset ⌃ ⇥ {0} of the critical set Crit(AH

), where
⌃ = H�1

(0) ✓ C1
(S1,R2n

) consists of constant loops. Then for all (v, 0) 2 ⌃⇥ {0}
one has:

T(v,0)(⌃⇥ {0}) = Ker(r2
(v,0)AH

)

regardless of the choice of J 2 J (M,!).

Proof. For v 2 ⌃, r2
(v,0)AH

can be written as

r2
(v,0)AH

(⇠,�) =

✓

�Jt(v, ⌘)(@t⇠ � �XH
(v))

�
R

dH(⇠)

◆

.

Let us now investigate the kernel of r2
(v,0)AH

(⇠,�) 2 Ker(r2
(v,0)AH

) ()
⇢

@t⇠ � �XH
(v) = 0,

�
R

dH(⇠) = 0.

Take (⇠,�) 2 Ker(r2
(v,0)AH

). Since ⇠ 2 C1
(S1, TvR2n

) we have

0 =

Z

S1

@t⇠dt = �XH
(v)

On the other hand XH 6= 0 on H�1
(0), which implies

� = 0 & @t⇠ = 0.

This means that ⇠ is in fact constant. The last condition gives us

0 =

Z

dH(⇠) = dH(⇠) ) ⇠ 2 TvH
�1

(0).

Therefore

(⇠,�) 2 Ker(r2
(v,0)AH

) ()
⇢

@t⇠ = 0 & ⇠ 2 TvH
�1

(0),
� = 0.

Ker(r2
(v,0)AH

) = TvH
�1

(0)⇥ {0}.

This shows that AH
satisfies the Morse-Bott property, at least at H�1

(0)⇥ {0}.

Now we will introduce a stronger variation of Property (PO), to which we will

refer as
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PO+ All the non-degenerate periodic orbits of the Hamiltonian flow on ⌃ are con-

tained in a compact subset of M .

Naturally, (PO+) is a stronger condition than (PO), but it is weaker than the as-

sumptions of Theorem 5. In particular, property (PO+) will play a role in proving

Property (BD) for the family in Chapter 3. Now we will compare the consequences

of Properties (PO) and (PO+).

Proposition 2.24. Let (M,!) be an exact symplectic manifold and H : M ! R a
Hamiltonian. For all n 2 N denote

⌘(H)

n
1 := inf{|⌘| | (v, ⌘) 2 Crit(AH

) \ (AH
)

�1
([�n, 0) [ (0, n])}.

Assume 0 is a regular value of H. Whenever

H satisfies (PO), then for all n 2 N

⌘(H)

n
1 > 0.

H satisfies (PO+), then
inf

n2N
⌘(H)

n
1 > 0.

Observe that this implies that whenever H : M ! R satisfies (PO), then for every

n 2 N there exists an open, precompact subset Vn ✓ M , such that

8 (v, ⌘) 2 Crit(AH
) \ (AH

)

�1
([�n, 0) [ (0, n])

=) v(S1
)⇥ {⌘} ✓ Vn ⇥

⇣

�

�1,
1

2

⌘(H)

n
1
�

[
�

1

2

⌘(H)

n
1,+1

�

⌘

. (2.34)

Similarly, whenever H : M ! R satisfies (PO+), then there exists an open, precom-

pact subset V ✓ M and an 0 < ⌘̃ < infn2N ⌘(H)

n
1, such that

8 (v, ⌘) 2 Crit(AH
) \ (AH

)

�1
(0)

=) v(S1
)⇥ {⌘} ✓ V ⇥

�

(�1, ⌘̃) [ (⌘̃,+1)

�

. (2.35)

This fact will become crucial in finding estimates on moduli spaces in Chapter 3. with

J-structures perturbed on an open set and ensuring that every Floer trajectories pass

through this open set at it is necessary in the proof of transversality in Theorem 2.

Proof. Observe, that for any Hamiltonian H and any J 2 J (M,!) the assertions of

Lemma 2.23 hold true, i.e. for all v 2 ⌃ = H�1
(0)

T(v,0)(⌃⇥ {0}) = Ker(r2
(v,0)AH

).

The main step in this proof is to show that whenever (PO) is satisfied, then ⌃⇥{0} is

isolated in Crit(AH
) \ (AH

)

�1
([�n, n]) for all n 2 N. The argumentation presented

below was inspired by proof of Theorem 23 in [19].
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Let us fix an almost complex structure J 2 J (M,!), which induces a metric gJ
on L2

(S1,M)⇥ R as in 2.2). We introduce a function

e :W 1,2
(S1,M)⇥ R ! R,

e(u) := krJAH
(u)k2L2⇥R. (2.36)

Naturally, e�1
(0) = Crit(AH

). We will show that the connected components of

⌃⇥ {0} is isolated in Crit(AH
)\ (AH

)

�1
([�n, n]) for all n 2 N by analyzing e in the

neighborhood of ⌃⇥ {0}.
Recall the Fredholm operator associated to AH

and gJ

r2AH
x : Tx(W

1,2
(S1,M)⇥ R) ! Tx(L

2
(S1,M)⇥ R)

for x 2 Crit(AH
), which has the property that

Ker(r2AH
x ) = Coker(r2AH

x ),

as proved in Lemma 22 [19].

Moreover, recall that by Lemma 2.23 for all v 2 H�1
(0) ✓ C1

(S1,M) we have

T(v,0)(H
�1

(0)⇥ {0}) = Ker(r2AH
(v,0)) (2.37)

Let us now take the orthogonal completion E1
x of Ker(r2AH

x )

Tx(W
1,2

(S1,M)⇥ R) = Ker(r2AH
x )� E1

x

with the orthogonal projection

⇡E1
: Tx(W

1,2
(S1,M)⇥ R) ! E1

x.

Then the restriction of r2AH
x to E1

x

r2AH
x � ⇡E1

: E1
x ! r2AH

x (Tx(W
1,2

(S1,M)⇥ R))

is bijective. In particular there exists a constant C(x), which depends continuously

on x 2 Crit(AH
), such that for ⇣ 2 Tx(W

1,2
(S1,M)⇥ R)

kr2AH
x (⇣)kL2⇥R � C(x)k⇡E1

(⇣)kW 1,2⇥R. (2.38)

Let us fix a compact subset K ✓ ⌃. Then C, which depends continuously on x 2
⌃⇥ {0}, can be chosen globally on K.

On the other hand, ⌃ ⇥ {0} ✓ W 1,2
(S1,M) ⇥ R is a finite dimensional manifold

and by Lemma 2.23 equation (2.37) is satisfied, which implies that the orthogonal

completion of Ker(r2AH
x )

E1
(⌃⇥ {0}) ! ⌃⇥ {0}
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is in fact a normal bundle over ⌃⇥{0}. Therefore, for every x 2 ⌃⇥{0}, there exists

a submanifold chart given by the exponential map exp associated with gJ . More

precisely, there exist open neighborhoods

x 2 Ux ✓ W 1,2
(S1,M)⇥ R,

x 2 Vx ✓ E1
(⌃⇥ {0}),

together with a diffeomorphism given by the exponential map

� :Vx ! Ux

�(x, ⇣) := expx(⇣)

�(Vx \ �(0)) = ⌃⇥ {0} \ Ux,

where by �(0) we denote the zero section in E1
(⌃⇥ {0}). Since Vx is open in E1

(⌃⇥
{0}) there exists �E1

, such that

{⇣ 2 E1
x | k⇣kW 1,2⇥R  �E1} ✓ E1

x \ Vx.

For every ⇣ 2 E1
x, k⇣k  �E1

we can associate a curve

u : [0, �E1
] ! Ux,

u(s) := expx(s⇣).

Now we would like to compose u with the function e defined in (2.36). Then

e � u : [0, �E1
] ! R

and we can take its Taylor expansion around 0. To do that we have first to calculate

its derivatives keeping in mind that u(0) = x 2 ⇤ ✓ Crit(AH
)

e � u(0) = krJAH
(u(0))k2L2⇥R = 0,

d

ds

�

�

�

s=0
e � u = 2gJ(rJAH

(x),r2
xAH

(Dx�(⇣))) = 0,

d2

ds2

�

�

�

s=0
e � u = 2kr2

xAH
(Dy�(⇣))k2gJ .

Therefore, we can express

e � u(s) = s2kr2
xAH

(Dx�(⇣))k2gJ +O(s3).

for small enough s. Keeping in mind that u(s) is a geodesic with respect to gJ , in

particular that ru̇u̇ = 0, we estimate O by first calculating the third derivative

d3

ds3
e � u(s) = D3

u(s)e(u̇(s)) + 3D2
u(s)e(u̇(s),ru̇u̇) +Du(s)e(ru̇(ru̇u̇))

= D3
u(s)e(u̇(s))

3
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Now observe, that D3e can be expresses in terms of derivatives of H and J and Ux is

contained in a compact subset of M ⇥ R, hence

sup

Ux

kD3ekL2⇥R < +1.

Moreover, u is a geodesic with respect to gJ , in particular the norm of its derivative

is constant in time

ku̇(s)kgJ = ku̇(0)kgJ = k⇣kgJ = 1.

Taking that into account, we can bound

kO(s3)k  s3

3!

sup

s2[0,�E1 ]
k d3

ds3
e � u(s)k  s3

3!

sup

Ux

kD3ekL2⇥R.

Combining this with (2.38), we obtain

e � u(s) � s2(C(x)� sd(x)),

where C and d depend continuously on x 2 ⌃ ⇥ {0}, but not on ⇣ anymore. In

particular, if we define

�x := min{�E1 ,
C(x)

d(x)
}

then �x also depends continuously on x and

�({(x, ⇣) 2 Vxkk⇣k  �x}) \ Crit(AH
) = ⇤ \ Ux.

Since K is compact we can therefore cover it with a finite number of open submanifold

charts Ux and choose a uniform � for all of them, for which the above equality will

still hold. This way we have proven that for every compact subset K ✓ ⌃, there

exists a tubular neighborhood of K, which does not contain any other critical points

of AH
.

Assume now, that H satisfies (PO), fix n 2 N and suppose

⌘(H)

n
1 = 0.

That means that there exists a sequence (vk, ⌘k) 2 Crit(AH
)\(AH

)

�1
([�n, 0)[(0, n]),

such that

lim

k!1
⌘k = 0.

By (PO) there exists a compact subset K ✓ H�1
(0), such that for all k 2 N

vk(S
1
) ✓ K

k@tvk(t)kL1(S1)  |⌘k|supKkXHk.

Therefore, by Arzelá–Ascoli theorem there exists a convergent subsequence (which we

denote the same here)

lim

k!1
(vk, ⌘k) = (v, ⌘).
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By continuity of A0H , (v, ⌘) 2 Crit(AH
) and AH

(v, ⌘) = 0. Moreover, v(S1
) ✓ K. If

we now take, a compact subset

˜K, K ✓ Int( ˜K) ✓ H�1
(0), then by prior arguments

there exists tubular neighborhood of

˜K, which does not contain any other critical

points of AH
. That gives us a contradiction.

Analogically, we argue that

inf

n!1
⌘(H)

n
1 > 0,

whenever condition (PO+) is satisfied.

Having proven Theorem 5. and Proposition (2.24), we can now prove that the set

of critical values is closed and discrete. To obtain that we will introduce an important

notion, namely the contact type property, which will enable us to relate the values of

the action on the periodic orbits to the ⌘ parameter.

Let us first recall the definition of a Liouville vector field and contact type property:

Definition 2.25. A vector field Y on a symplectic manifold (M,!) is a Liouville
vector field if

d(iY !) = !.

A hypersurface ⌃2n�1 ✓ M2n is called of contact type if in an open neighborhood of
⌃ there exists a Liouville vector field, such that on T⌃

iY ! ^ !n 6= 0.

Note that if ⌃

2n�1 ✓ M2n
is of contact type and H : M ! R is a Hamiltonian,

such that ⌃ is a regular level set of H, then

T⌃ = Ker(dH)

hence for the Liouville vector field

dH ^ iY ! ^ !n 6= 0 on ⌃

and therefore

dH(Y ) 6= 0 on ⌃.

Moreover, observe that Liouville vector fields have a very special property with

respect to the Rabinowitz action functional, namely:

AH
(v, ⌘)�A0H

(v,⌘)(Y, ⌘) =

Z

�(@tv)� ⌘

Z

H(v)�
⇣

Z

!0(Y, @tv � ⌘XH
)� ⌘

Z

H(v)
⌘

=

Z

�(@tv)�
Z

�(@tv � ⌘XH
)

= ⌘

Z

�(XH
)

= ⌘

Z

!0(Y,X
H
)

= ⌘

Z

dH(Y ). (2.39)
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Corollary 2.26. Let (M,!) be a symplectic manifold and H : M ! R a smooth
Hamiltonian, such that

• H�1
(0) is of contact type,

• the corresponding action functional AH is Morse-Bott,

• H satisfies Condition (PO).

Then its set of critical values CritV al(AH
) is closed and discrete.

Proof. First we will prove that the set of critical values is closed. Take a sequence

ak 2 CritV al(AH
), such that

lim

n!1
ak = a.

Without loss of generality we can assume that ak 6= 0. Therefore, there exist (vk, ⌘k) 2
Crit(AH

) \ (H�1
(0)⇥ {0}), such that

AH
(vk, ⌘k) = ak.

The sequence {ak}k2N is bounded, hence by Condition (PO), there exists a compact

subset K ✓ M , such that

vk(t) 2 K 8 k 2 N, t 2 S1.

Since H�1
(0) is of contact type, we can use (2.39) and obtain

an = AH
(vn, ⌘n) = ⌘n

Z

dHvn
(Y )

|an| � |⌘n| inf
K

dH(Y ).

That means that there is a convergent subsequence (which we will denote the same),

such that

lim

k!1
⌘k = ⌘.

Knowing that (vk, ⌘k) are critical points, we get

vk(t) 2 K 8 k 2 N, t 2 S1,

k@tvk(t)k  |⌘k| sup

K
kXHk,

we can use Arzelá–Ascoli theorem, to conclude that there exists a convergent subse-

quence

lim

k!1
(vk, ⌘k) = (v, ⌘).

By continuity of A0H , (v, ⌘) 2 Crit(AH
) and AH

(v, ⌘) = a. This proves that

CritV al(AH
) is closed.

Suppose, that 0 would be an accumulation point. Then by the reasoning presented

above, we would have a sequence (vk, ⌘k) 2 Crit(AH
) \ (H�1

(0) ⇥ {0}), such that
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limk!1 ⌘k = ⌘. But this would contradict the results of Proposition 2.24. Therefore

0 is not an accumulation point.

Now we would like to prove that CritV al(AH
) \ {0} has no accumulation points.

One can do it in two ways. One type of argumentation has been presented in [19],

Theorem 23. This is fact the same method as we used in the proof of Proposition 2.24

we can apply to other connected components of Crit(AH
) to show that the Morse-

Bott property of AH
implies that CritV al(AH

) is discrete and closed, even in the

case when Crit(AH
) \ (H�1

(0)⇥ {0}) consists of manifolds of different dimension as

it is used in [19].

The other way is to observe, that in the proof of Theorem 5 we show that for

a comeager subset of Hamiltonians Crit(AH
) \ (H�1

(0) ⇥ {0}) is a 1-dimensional

submanifold in C1
(S1,M). In particular all its connected components are isolated.

That implies that a 2 CritV al(AH
), a 6= 0 cannot be an accumulation point of

CritV al(AH
).

Since all connected components of Crit(AH
) are isolated, therefore the corre-

sponding critical values are also isolated.

Having Proven Theorem 5 and Corollary (2.26), we know that generically the

action functional is Morse-Bott and set of critical values is closed and discrete. To

complete the analysis of Property (MB), at last we have to prove that the periodic

orbits are of Morse-Bott type.

Lemma 2.27. If AH is Morse-Bott and ⌘ is constant on every connected component
of Crit(AH

) then all the closed orbits of the Hamiltonian flow � on H�1
(0) are of

Morse-Bott type.

Note that the assumption that ⌘ is constant on every connected component of

Crit(AH
) is not very restrictive. In particular it is satisfied whenever the critical

set consists of a set of disjoint circles and the hypersurface H�1
(0) ⇥ {0} or when

we assume H to be a defining functional. In Theorem 5 we have shown that in our

setting the first condition is satisfied generically, whereas the assumption on H to be

a defining functional was used both in [12] and in [19].

Proof. Fix a connected component ⇤ ✓ Crit(AH
) and let P⇤

be the corresponding

projection on H�1
(0). By assumption ⌘ is constant on ⇤. We want to prove that for

all p 2 P⇤

TpP⇤
= Ker(Dp�

⌘ � Id).

Part 1. (✓)
Take v 2 TpP⇤

. Then there exists a path p(s) 2 P⇤, p(0) = p, such that

v =

d

ds

�

�

�

s=0
p(s).

Since ⌘ is constant on ⇤, therefore

(�⌘t(p(s)), ⌘) 2 ⇤, and �⌘t(p(s)) 2 P⇤ 8 t 2 S1.
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Define

⇠(t) :=
d

ds

�

�

�

s=0
�⌘t(p(s)) = Dp�

⌘t
(v).

Then

⇠(1) =
d

ds

�

�

�

s=0
�⌘(p(s)) =

d

ds

�

�

�

s=0
p(s) = ⇠(0).

Therefore

v = ⇠(0) = ⇠(1) = Dp�
⌘
(v),

which proves the first claim.

Part 2. (◆)
Now we want to prove the second inclusion. Take v 2 Ker(Dp�

⌘t � Id) ✓ TpH
�1

(0)

and define

⇠(t) := Dp�
⌘t
(v).

Then

⇠(1) = Dp�
⌘
(v) = v = ⇠(0).

Since by assumption

(v, ⌘) := (�⌘t(p), ⌘) 2 ⇤,

therefore

(⇠, 0) 2 T(v,⌘)(C
1
(S1,M)⇥ R).

Now we would like to calculate r2AH
(v,⌘)(⇠, 0). First observe that since v 2 TpH

�1
(0),

therefore

Z

dHv(t)(Dp�
⌘t
(v)) =

Z

dHp(v) = 0.

On the other hand, note that we can express the first term of r2AH
(v,⌘)(⇠, 0) using the

Lie bracket and Lie derivative in the following way

@t⇠ � ⌘J0HessvH(⇠) = r@tv ⇠ � ⌘r⇠X
H

= r⌘XH ⇠ � ⌘r⇠X
H

= [⌘XH , ⇠]

= L⌘XH ⇠

=

d

ds

�

�

�

s=0
D��⌘s⇠(t+ s)

=

d

ds

�

�

�

s=0
D��⌘sDp�

⌘(t+s)
(v)

=

d

dt

�

�

�

s=0
Dp�

⌘t
(v)

= 0. (2.40)

That proves that

(⇠, 0) 2 Ker(r2AH
(v,⌘)) = T(v,⌘)⇤
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as given by the Morse-Bott property of the action functional. That implies that

⇠(0) = v 2 TpP⇤,

which proves the second inclusion.

We would like to use Theorem 5 to prove that the property (MB) is satisfied gener-

ically. However, to apply Theorem 5 one requires not only that the Hamiltonian in

question satisfies property (PO+), but also that property (PO+) persists under com-

pact perturbations. The next corollary gives sufficient, but more analytic conditions

for the assumptions of Theorem 5 to be satisfied. In the next chapter this condition

becomes part of the definition of tentacular Hamiltonians and assures that the (MB)

property is satisfied generically for this class of Hamiltonians.

Corollary 2.28. Let (M,!) be a symplectic manifold and H : M ! R a smooth
Hamiltonian, such that 0 is a regular value and H�1

(0) is of contact type. Suppose
now that there exists a coercive function F : M ! R, such that the set

{x 2 M | dx(dF(XH
))(XH

)  0} \ {x 2 M | dF(XH
) = 0} \H�1

(0)

is compact in M . Denote

B(M) := {h 2 C1
c (M) | (H + h)�1

(0) is of contact type}.

Then the set
{h 2 B(M) | AH+h satisfies (MB) Property} (2.41)

is dense in B(M) with the induced C1
c (M) topology. In particular, for all

h 2 B(M) the set of critical values of AH+h is closed and discrete and Crit(AH+h
)

consists of (H + h)�1
(0)⇥ {0} and of disjoint union of circles.

Proof. For n = 0, 1, 2, . . . let us denote

K0 := {x 2 M | dx(dF(XH
))(XH

)  0} \ {x 2 M | dF(XH
) = 0} \H�1

0 (0)

Kn := F�1
((�1, n+ sup

K0

F ])

By assumption F is coercive so every Kn is compact and we have an exhaustion of

M by compact sets

M =

[

n2N
Kn.

We will first show that for every n = 1, 2, . . . the corresponding

B(Kn) := B(M)

\

C1
0 (Kn

)

is open in C1
0 (Kn

) and satisfies assumptions of Theorem 5. Then we will combine

the results from Theorem 5 and 2.23 to obtain the result in the C1
c (M) topology.
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Note that for every n = 1, 2, . . .

B(Kn) = {h 2 C1
0 (Kn

) | (H + h)�1
(0) is of contact type}.

In particular, that means that B(Kn) is open in C1
0 (Kn

) and in fact

B(K1) ✓ B(K2) ✓ · · · ✓ B(Kn) ✓ . . .

B(M) =

\

n2N
B(Kn),

hence B(M) is indeed open in C1
c (M).

We will show that for every n = 1, 2, . . . , whenever h 2 C1
0 (Kn) then

(v, ⌘) 2 Crit(AH0+h
) & ⌘ 6= 0 =) v(t) 2 Kn 8 t 2 S1. (2.42)

Fix h 2 C1
0 (Kn), take (v, ⌘) 2 Crit(AH+h

) \ (H + h)�1
(0) ⇥ {0} and calculate the

maximum of F over v. There exists a t0 2 S1
, such that

F � v(t0) = max

S1
F � v

d

dt
F � v(t0) = 0 &

d2

dt2
F � v(t0)  0.

Now suppose, that

v(S1
) \Kn 6= ;.

In particular, v(t0) /2 Kn. Since (v, ⌘) 2 Crit(AH+h
), we will have then

d

dt
F � v(t0) = dF(@tv(t0)) = ⌘dF (XH+h

(v(t0)) = ⌘dF (XH
(v(t0))

d2

dt2
F � v(t0) = ⌘2d(dF (XH

))(XH
(v(t0)).

But this would imply that v(t0) 2 K0, which leads us to contradiction. Therefore,

whenever h 2 C1
0 (Kn), then

8 (v, ⌘) 2 (Crit(AH+h
) \ (H + h)�1

(0)⇥ {0}) =) v(t) 2 Kn 8 t 2 S1.

By Theorem 5 this means that for every n = 1, 2, . . . , B(Kn) the set

A(Kn) := {h 2 B(Kn) | AH+h
is Morse-Bott }

is comeager in B(Kn) ✓ C1
0 (Kn). Moreover, by Proposition 2.26, for all h 2 A(Kn)

the set of critical values of the corresponding action functional AH+h
is closed and

discrete. In other words, for all h 2 A(Kn) the corresponding Hamiltonian H + h
satisfies the Property (MB).

Now, for every n 2 N, C1
0 (Kn) is a Baire space, therefore A(Kn) is dense in

B(Kn). That means, that the set

[

n2N
A(Kn) ✓ {h 2 B(M) | AH+h

satisfies (MB) Property}

is dense in B(M).
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2.8 Morse dynamics on the hypersurface
Definition 2.29. Let � a flow on a manifold W . A compact set N ✓ W is called an
isolating neighborhood of � if its maximal invariant set

Inv(N,�) := {p 2 W | �(p, t) 2 N 8 t 2 R},

is contained in Int(N).

Definition 2.30. Let � a flow on a manifold W . A compact set N ✓ W is called a
trapping region of � if

�(N, t) ✓ Int(N) 8t > 0.

A trapping region N with smooth boundary, such that the flow is everywhere
trasversal to @N is called regular.

A trapping region N such that

8 x 2 ⌃ \N 9 t 2 R+ �fg (t, x) 2 N.

is called global.

Remark 2.31. In particular a trapping region is an isolating neighborhood, since

8 t > 0 Inv(N,�) ✓ �(N, t) ✓ Int(N).

Remark 2.32. If N is an isolating neighborhood and a global attractor of �, then
every compact set K containing N is also an isolating neighborhood and a global
attractor for �. Moreover

Inv(K,�) = Inv(N,�).

The following Proposition can be found in [33].

Proposition 2.33. Let (W, g) be a Riemannian manifold and f : ⌃! R be a func-
tion. Let N ✓ W be an isolating neighborhood for the gradient flow of f on W and
assume that (f, g) is a Morse-Smale pair on N . Denote the outward normal vector to
the boundary of N by n and abbreviate

@N� := {x 2 @N | dfx(n) > 0}.

Then the local Morse homology is isomorphic to the singular homology relative the
boundary

HM⇤(f, g,N)

⇠
=

H⇤(N, @N�).

Definition 2.34. Let ⌃ be an open manifold and N ✓ ⌃ a compact submanifold with
smooth boundary. We denote by

G(⌃, N)

the set of all pairs (f, g), where f : ⌃! R is a smooth function and g a metric on ⌃,
such that N is a global, regular trapping region with respect to the gradient flow �fg .
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Proposition 2.35. Let ⌃ be an open manifold. Then the following are equivalent:

1. There exists a compact submanifold N ✓ ⌃ with smooth boundary, such that
G(⌃, N) 6= ;.

2. There exists a compact manifold N , such that ⌃ is diffeomorphic to

⌃

⇠
=

N
[

@N

@N ⇥ [0,1).

3. There exists a smooth function f : ⌃ ! R, such that for all the critical points
of f lie in a compact set and for all a 2 R the associated set f�1

([a,1)) is
compact.

Observe that condition 1. means that f is steep with respect to @N , whereas from

condition 3. it follows that f is coercive according to the definitions in [35].

Remark 2.36. Note that for a triple (⌃, N, f) as in point 1. of above proposition
N is an attracting, isolating neighborhood, which means that if we take the outward
normal v at the boundary, then

8 x 2 @N df(v) < 0 =) @N� = ;

so
HM⇤(f, g,N)

⇠
=

H⇤(N).

Moreover, f has no critical points outside N hence in fact

HM⇤(f, g,N)

⇠
=

H⇤(⌃).

Proof. 1. ) 2. Note that

@N = ; () N = Int(N).

That can happen only if N is equal to a connected component of ⌃. But by the

assumption N is a basin of attraction, so in particular N and ⌃\N must be connected.

Therefore, there are two possibilities:

either N = ⌃ and @N = ; or N ( ⌃ and @N 6= ;.

In the first case @N = ;, hence the claim is trivially satisfied.

In the second case, @N 6= ; and thus the space

N
[

@N

(@N ⇥ [0,1))

is non-trivial and has a natural manifold structure obtained in the following way:

Let Y be a vector field defined in the neighborhood of @N and everywhere trans-

verse to the boundary @N and pointing inward. Let �Y be its flow. Because @N is

compact, one can always find " > 0 such that

�Y : [0, "]⇥ @N ! N
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is a well defined diffeomorphism onto the neighborhood of @N .

Now we define

N
[

@N

(@N ⇥ [0,1)) :=

N
F

(@N ⇥ [0,1))

.

�Y (t, x) ⇠ (x, 1� t)

Under this identification

@N ⇠ @N ⇥ {"}, �Y (", @N) ⇠ @N ⇥ {0}, Y ⇠ �@t,

which gives a manifold structure to

N
[

@N

(@N ⇥ [0,1)).

This construction does not depend on the choice of Y up to a diffeomorphism. In

particular we can choose Y = rgf , where g is a fixed metric on ⌃. Indeed, N is a

regular trapping region with respect to �fg , hence rgf is transverse to @N and points

inward.

With the choice of Y = rgf in the above construction, define now a functions

� : N
[

@N

(@N ⇥ [0,1)) ! ⌃,

�(x) :=

⇢

x x 2 N,
�fg (�t, y) (t, y) 2 @N ⇥ [0,1).

By the fact that N is a global trapping region and by the continuity of the flow we

have the following uniqueness

8 x 2 ⌃ \N 9! t 2 R+ �fg (t, x) 2 @N.

This assures that the inverse that the inverse �

�1
is well defined

�

�1
(x) :=

⇢

x x 2 N,
(�fg (t, x), t) 2 @N ⇥ (0,+1) x 2 ⌃ \N.

Observe that for on N, d� is an identity, whereas for (x, t) 2 @N ⇥ [0,1) one has

T(x,t)(@N ⇥ [0,1) = Tx@N � h@ti
d�(x,t) : Tx@N � h@ti ! T�f

g (�t,x)⌃

d�(x,t)

�

�

�

Tx@N
= d(�fg (�t, ·))

d�(x,t)(@t) = �rgf(�
f
g (�t, x))

Note that by construction on the collar @N ⇥ (0, ") the rgf is identified with �@t
and hence � is in fact a diffeomorphism.

Proof 2. ) 3.
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If @N = ;, then ⌃ itself is compact and thus for all the critical points of any

function lie in a compact set. Note that then for every continuous function f and

every a 2 R
f�1

([a,1)) = f�1
([a,max

⌃
f ]])

is a closed subset of compact ⌃ and thus a compact set.

Suppose @N 6= ;. Denote

˜

⌃ := N
[

@N

@N ⇥ [0,1).

Then the two sets

N
[

@N

@N ⇥ [0, 1) and @N ⇥ (0,+1)

give an open cover of

˜

⌃. Let {'0,'1} be a smooth partition of unity corresponding

to this cover. For an arbitrary chosen smooth function f0 :

˜

⌃! R denote

˜f :

˜

⌃! R,
˜f(x) := f0(x)'0(x)� et'1((y, t)).

Let � : ⌃ ! ˜

⌃ be the diffeomorphism, then define f : ⌃ ! R as the pull-back of

˜f
via �. Observe that

K := �

�1
(N

[

@N

@N ⇥ [0, 1]) ✓ ⌃

is a compact set, since its image under � is and diffeomorphisms preserve compactness.

Moreover,

8 x 2 ⌃ \K = �

�1
(@N ⇥ (1,+1))

dxf = �

⇤
(d�(x) ˜f) = �

⇤
(�etdt) 6= 0.

This proves that K contains all the critical points of f .

Since K is a compact set, we have

max

⌃
f = max{max

K
f,�e}.

Therefore for every a 2 R we have

f�1
([a,1)) = f�1

([a,max

⌃
f ]),

which is a closed set and a subset of a compact set

f�1
([a,1)) ✓ ��1

(N
[

@N

@N ⇥ [0, ln(max{e,�a})]),

hence f�1
([a,1)) is indeed compact.
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Proof 3. ) 1. By smoothness of f , for every a 2 R, f�1
((a,1)) 6= ; is an

open submanifold of ⌃. By assumption there exists a compact set K ✓ ⌃ such that

Crit(f) ✓ K, therefore

inf

Crit(f)
f � min

K
f > �1.

Fix a < infCrit(f) f and denote

N := f�1
([a,1)).

Then the boundary @N = f�1
(a) is in fact a smooth submanifold, since

df
�

�

�

@N
= df

�

�

�

f�1(a)
6= 0.

Therefore, N is a compact submanifold of ⌃ with a smooth boundary. We will show

that N is a global, regular trapping region with respect to the positive gradient flow

�fg of f for any metric g on ⌃.

First observe that by definition the gradient flow �fg is transverse to the boundary

and points inwards N

df(
d

dt

�

�

�

t=0
�fg (t, x)) = krf(x)k2 > 0 for x 2 @N.

This assures that N is a regular trapping region.

It reminds to prove that N is a global trapping region. Take x 2 ⌃ \N . Since �fg
is a positive gradient flow

8 t > 0 �fg (t, x) 2 f�1
([f(x),1))

By assumption f�1
([f(x),1)) is compact, so there exists a sequence

tn 2 R+, limn!1 tn = 1, such that

�fg (tn, x) = x̄.

We will prove that x̄ 2 Crit(f).
Since �fg is the positive gradient flow of f we have the two following

d

dt
(f � �fg )(t, x) = krf � �fg (t, x)k2

and 8 n 2 N f(�fg (tn, x))  f(x̄)

Therefore

Z tn

0
krf � �fg (t, x)k2dt = f � �fg (tn, x)� f(x)  f(x̄)� f(x)

By dominated convergence we have

lim

n!+1

Z tn

0
krf � �fg (t, x)k2dt  f(x)� f(x̄),
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from which we can deduct that

lim

t!+1
krf � �fg (t, x)k = 0.

By continuity

krf(x̄)k = lim

n!+1
krf � �fg (tn, x)k = 0.

This means that

lim

n!+1
f � �fg (tn, x) = f(x̄) � inf

Crit(f)
f > a,

in particular there exists t > 0, such that

f � �fg (t, x) > a =) �fg (t, x) 2 N.
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